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SUMMARY
An experimental and theoretical investigation has been carried out into 
the evaporation of organic solvents (drying) from thin films of ink.
By means of the infra-red technique,experimental drying curves have 
been recorded from stationary inked specimens during various conditions 
of forced convective drying. In the constant-rate period, the effect 
on the drying time of changes in air velocity, air temperature, coating 
thickness and percentage solvent in the ink, have been measured. Heat 
and mass transfer theory has been used to develop a criterion for the 
relative rate of drying of a range of solvents. Theoretical 
predictions of constant-rate drying time show good agreement with 
experimental measurements.
In the falling-rate period, both the theoretical and experimental 
evidence appears to show that the rate of drying is limited by the rate 
at which solvent can diffuse through the polymer residue to the free 
surface. Analysis.of experimental drying curves indicates that the 
diffusion coefficient is concentration dependent. To provide a 
theoretical solution of this process, numerical methods were used to 
solve the diffusion equation, with the diffusion coefficient exponentially 
dependent upon solvent concentration. The concept of the characteristic 
drying curve has been successfully used to correlate experimental drying 
rates in the falling-rate region. Non-dimensional results from the 
numerical solution of the diffusion equation have also been expressed 
in the form of a characteristic drying curve. Qualitative agreement 






Chapter 1 - Introduction
1.1 Background
1.2 Ink Drying Research - Infra-Red Drying Curves
Chapter 2 - Industrial Drying - Background to Theory and Practice
2.1 Introduction
2.2 The Process of Drying
2.3 Drying Practice in the Packaging and Converting Industry
2.4 Review of Previous Research into Ink Drying






Chapter 3 - Basic Mass Transfer Theory
3.1 General
3.2 Pick's Law of Diffusion
3.3 Diffusion in Binary Mixtures
3.4 Diffusivity of Gases
3.5 Convective Mass Transfer
3.6 Film Theory of the Turbulent Boundary Layer








Chapter 4 - Drying Curves Using Infra-Red
4.1 General 34
4.2 Experimental Technique 34
4.3 Ink Viscosity and Thickness of Ink Coating 40
4.4 Constant-Rate Drying: The Effect of Ink Thickness and Solvent 41
Content
4.5 Externally Controlled Drying - The Effect of Air Velocity and 44
Air Temperature
4.6 The Critical Point 46
Page no,Chapter 5 - Theory Of Constant-Rate Ink-Drying
5.1 Review of Previous Research 50
5.2 The Psychrometric Ratio  ̂ 53
5.3 Solvent Vapour Pressure 58
5.4 Relative Evaporation Rate, 61
5.5 Comments on the Theory of Relative Evaporation Rate 65
5.6 Theory of Constant-Rate Ink Drying 68
5.7 Computer Program for Constant-Rate Drying 74
5.8 Application of Constant-Rate Theory to Dryer Design 74
Chapter 6 - Externally Controlled Drying I
Experimental Refinements Leading to Computer Program
6.1 Introduction 78
6.2 Vapour Pressure Data for MIBC 79
6.3 Experimental Heat Transfer Coefficients 81
6.4 Secondary Effects of Heat and Mass Transfer 86
6.5 Refinements of Experimental Technique 89
6.6 Effect of Dissolved Resin on Drying Rate 92
6.7 Computer Program to Predict Time of Externally Controlled Drying 95
6.8 IR Drying Curves - Comparison of Theory and Experiment 98
Chapter 7 - Externally Controlled Drying II 
Further Developments
7.1 Introduction lOl
7.2 Ink Temperature Measurement 101
7.3 Tests on a More Volatile Solvent - n-Propanol 104
7.4 Cumulative Drying Effect of a Single Nozzle - Experiments 110
7.5 Cumulative Drying Effect of a Single Nozzle - Computer Program ill
Chapter 8 - Falling-Rate Ink Drying - Diffusion In Polymers
8.1 Introduction .115
8.2 General Description of Diffusion Within the Ink Layer 117
8.3 Review of Research into "Retained Solvents" in Paint Films 118
8.4 Diffusion in Liquids 120
8.5 Diffusion in Polymer Membranes - Physical Description 126
8.6 Free Volume Theory of Diffusion of Organic Penetrants in Polymers
130
Page no,
Chapter 9 - Falling Rate Drying - The Diffusion Equation
9.1 Introduction 137
9.2 The Diffusion Equation 137
9.3 Classical Solutions when the Diffusion Coefficient is Constant 139
9.4 Diffusion in Ink Drying - The Exponentially Varying Diffusion 144
Coefficient
9.5 Transformation of the Equations by Means of the S-Variable 147
9.6 The Finite-Difference Equations 154
Chapter 10 - Development Of A Computer Program To Solve The Diffusion
Equation With A Concentration Dependent Diffusion Coefficient
10.1 Introduction 159
10.2 The Finite-Difference Parameters 160
10.3 The Computer Program 166
10.4 The Convergence of Fixed Point Iteration 171
10.5 Further Consideration of the Constant-Rate Surface Boundary 177
Condition
10.6 Constant-Rate Period - Some Computational Difficulties 181
10.7 Computer Runs - Varying D^* and Bi^ 190
10.8 The Falling-Rate Period 191
10.9 Computer Results - Falling Rate Period 194
10.10 Rate of Drying - The Characteristic Drying Curve 198
Chapter 11 - Analysis Of IR-Curves In The Falling-Rate Period
11.1 Introduction 204
11.2 The Effect of Ink Thickness on Drying Time 207
11.3 The Effect of Air Velocity and Air Teirperature on Drying Time 210
11.4 The Characteristic Drying Curve 212
11.5 Correlations Using the Concept of the Characteristic Drying Curve 213
11.6 Experiments in the Falling-Rate Region 215
11.7 Theoretical Predictions of Drying Time Based on the Characteristic
Drying Curve 219
11.8 Curve Fitting 226
11.9 Correlation of Falling-Rate Data for n-Propanol 229
Page no.
Chapter 12 - Summary, Discussion and Conclusions
12.-1 Introduction 233
12.2 Summing-up 233
12.3 The Potential of the IR Technique 246
12.4 Research on Heat Transfer Under Impinging Jets 249




Al Apparatus for Heat Fluxmeter Calibration
A2 Solubility in Constant-Rate Ink Drying
A3 Program Listing - Externally Controlled Drying
A4 Program Listing - Cumulative Drying
A5 Program Listing - Solution of Diffusion Equation - I
A6 Program Listing - Solution of Diffusion Equation - II
A7 An Attempt to Reduce Computing Time in the Constant-Rate Period
A8 Drying Rate Data Extracted From IR Drying Curves
NOTATION
Surface area rn
B Width of slot nozzle
B Measure of molecular hole size, equn 8.62
Bi Biot number for heat transfer (hL/k)
Bi^ Biot number of mass transfer (k^L/D)
Bi^ Biot parameter (k^L/D^) equn 10.2.1
ra
Dimensionless concentration (c/c^) 
Concentration





Binary diffusion coefficient, A thro' B 
Thermodynamic diffusion coefficient, equn 8.4.24 
Diffusion coefficient at zero concentration 
Dimensionless diffusion coefficient (D/D^) 





E Dimensionless concentration, equn 9.3.6
E Electric field strength
e Charge on electron
N/Coulorab
Coulomb
F Correction factor, equn 5.4.10
F Force
f ' Force per particle
f Free volume, fractional, equn 8.5.4
f Relative drying rate, equn 11.4.1
N
N
Friction factor (2t^/pV )
Molar friction factor, equn 8.4,16 Ns/m
f' Mole.cular friction factor, equn 8.4.14 Ns/m
H Thickness m
h Heat transfer coefficient W/m^ K
ho h at stagnation point W/m^ K
Enthalpy of evaporation J/kg
Molar enthalpy of evaporation J/mol
J Molar diffusion flux, equn 3.2.2 2mol/m s
j' Molecular flux, equn 8.4.11 2molecules/m s
K Exponential constant, equn 9.5.4
Mass transfer coefficient 2 3 mol/m s (mol/m )






1.38 . lo"^^ J/K




Lewis number (a/D = Sc/Pr)




m mass flux 2kg/m s
m mobility
mc relative evaporation rate
Nu Nusselt number (hL/k)
Pe rmecib ility
Pr Prandtl number (yC^/k)
p Pressure
mol/m s (N/m )
N/m'
Q Energy
Q Heat transfer rate
q Heat flux
R Molar gas constant
Re Reynolds number (VLy/p) 





S Dimensionless transformation variable, equn 9.5.3
S Solubility coefficient
Sc Schmidt number (y/pD)








Air temperature at nozzle outlet K
Dimensionless time
Time s
Hypothetical constant-rate drying time, equn 5.6.10 s
Velocity in the x-direction 
Infragauge output signal 
Velocity








3 3m /kg, m /mol
Free volume m^/mol
V Specific volume saturated vapour m^/kg
X Dimensionless distance (x/L)
X Mass of solvent on web kg/m^
X Distance (parallel to surface) m
x^ Nozzle pitch m
y Distance normal to surface m
Normal distance from nozzle exist to surface m
Subscripts
c Critical point
O Zero time (except where denoted otherwise)
s Surface
Greek symbols
a Thermal diffusivity, k/ C^
6 Thickness of hypothetical stagnant film m
0 Temperature difference K
Wet bulb depression K
y Absolute viscosity kg/m s
2V Kinematic viscosity m /s
p Mass concentration, density kg/m^
2T Shear stress N/ra
(fi Relative solvent content
0) Mass fraction
LIST OF FIGURES
4.1 Drying Research Rig
4.2 a) Photograph of Research Rig
b) Photogrpah of Gravure Cylinder
4.3 IR Measuring Point
4.4 Diagram of Ink Drying Curve
4.5 Measurement of Ink Solvent Content by Zahn Cup
4.6 a - d Effect of Solvent Content on Drying Time
4.7 Infragauge Voltage v Initial Solvent Deposit
4.8 Effect of Air Velocity on Drying Time
4.9 Effect of Air Temperature on Drying Time
5.1 a - c Energy Transfer During Constant-Rate Drying
5.2 Effect of Air Temperature on Wet-Bulb Equilibrium Point
6.1 Vapour Pressure Data for Methyl Iso butyl Carbinol
6.2 Heat Transfer Instrumentation
6.3 Calibration of Flux meter in Electrically Heated Plate
6.4 Lateral Variation of Heat Transfer Coefficient
6.5 Extended Web Travel to Eradicate Initial Transient
6.6 Effect of Air Velocity - Pure Solvent
6.7 Effect of Air Velocity - Research Ink
6.8 Flow Chart for Constant-Rate Computer Program
6.9 Characteristics of Externally Controlled Drying
6.10 Effect of Air Velocity on Drying Curves
6.11 Effect of Air Temperature on Drying Curves
7.1 Web Temperature By IR Thermometer
7.2 The Effect of Air Velocity - n propanol
7.3 The Effect of Air Temperature - n propanol
7.4 Change in Location of IR Measuring Head
7.5 Cumulative Drying Effect - Air Velocity
7.6 Cumulative Drying Effect - Air Temperature
7.7 Cumulative Drying Effect - Combined Velocity and Temperature
7.8 Distribution of h and T under a Slot Nozzle
7.9 Transient Temperature During Drying
9.1 Finite Difference Grid
10.1 Flow Chart For Computer Program to Solve Diffusion Equation
10.2 The Characteristics of Iteration
10.3 Convergence of Finite-Difference Equations - 1st Step
10.4 Convergence of Finite-Difference Equations - 2nd Step
10.5 Computer Results for Constant-Rate Drying
10.6 Convergence of Constant-Rate Boundary Condition
10.7 Computer Results for Constant-Rate Drying
10.8 a - b Computer Graphics: D^ = 1.05, Bi^ = 1.0, Fo = 0.5, C^^ - 0.2
10.9 The Relation, D* = e^^
10.10 a) Concentration Profiles: D ^  = lO, Bi^ = 1.58
10.10 b) Concentration Profiles: D * =  100, Bi^ = 2.5
10.11 a) Concentration Profiles: D ^  = 1.05, Bi^ = lOO
10.11 b) Concentration Profiles: = 100, Bi^ = 100
10.12 Drying Curves
10.13 Falling Rate Period: Concentration Profiles,
D* = constant. Big = 1 . 0
10.14 Falling-Rate Period: Drying Curves, D* = constant
10.15 Falling-Rate Period: D* = constant. Big = 1000
10.16 a - c Falling Rate Period - Cone. Profiles: D^* = 10, lOO, lOOO
10.17 Falling Rate Drying Curves
10.18 Characteristic Drying Curves
10.19 Characteristic Drying Curves: and case 2 behaviour
10.20 Characteristic Drying Curves : case 2 behaviour. Big = 0 . 1
11.1 Types of Drying Curve
11.2 Falling Rate Drying - The Effect of Ink Thickness
11. 3 Falling Rate Drying - Graphical Analysis
11.4 Effect of Air Velocity on Falling-Rate Drying
11.5 Effect of Air Temperature on Falling-Rate Drying
11.6 Effect of Air Velocity on Drying Rate
11.7 Effect of Air Temperature on Drying Rate
11.8 Effect of Air Velocity on the Critical Point
11.9 Drying Rates Corresponding to Figure 11.8
11.10 Effect of Air Temperature on the Critical Point
11.11 Drying Rates Corresponding to Figure 11,10
11.12 Effect of Thickness on the Critical Point
11.13 Drying Rates Corresponding to Figure 11.12
11.14 Mathematical Models of the Characteristic Drying Curve
11.15 Dimensionless Drying Time, g(4>)
11.16 Comparison of h((f>) and g(<î>)
11.17 n-Propanol, Characteristic Drying Curves Corresponding to
Figs. 7.2 and 7.3
11.18 n-Propanol, IR Curves, The Effect of Thickness
11.19 n-Propanol, Characteristic Drying Curve Corresponding to
Fig. 11.18
11.20 n-Propanol, Comparison of h((j>) and g(<}))
1. INTRODUCTION
1.1 Background
The drying of solids is an operation of widespread importance in the
chemical process, pharmaceutical and food industries; also in the
manufacture of paper, plastics and textiles. The effective drying of
thin films is becoming increasingly important in the rapidly growing
printing, packaging and coating industries. These latter industries,
when taken together, presently constitute an important sector of the
British economy. The increasing importance of drying was recently
recognised when the First International Symposium on Drying was held
in Montreal in 1978. In a paper presented at this symposium, Keey (1)
stated that in the UK 13.10^ ton of moisture must be evaporated
\odüsVicA
annually and that this represented 7% of the total UK ̂ energy 
expenditure. A comparable estimate for the USSR is 10%.
The research described in this thesis is an investigation into the 
evaporative drying of ink coatings by means of impinging air jets.
This type of drying is commonly employed on the large rotary printing 
presses used in the converting industry (the collective name for the 
packaging, coating and allied industries). Rotary presses are used 
to deposit a coating of "ink" onto a thin moving web or substrate, 
which may be paper, plastic or metal. In practice the ink coating 
may be applied by a variety of methods such as flexography, roto­
gravure, lithography, etc. The basic components of an ink are a 
finely ground pigment and a polymer resin mixed in a blend of solvents 
to a suitable viscosity for printing.
Printing inks may "dry" by a variety of physical and chemical processes 
such as penetration into the substrate, oxidation, thermal setting, etc
However inks which become dry by the physical evaporation of solvents 
are widely used on the large high speed presses in the packaging and 
converting industry and this is the only type of drying to be 
considered in this investigation. It should also be mentioned, that 
in this research the ink was deposited onto a plastic substrate which, 
tests showed,was largely impervious to solvent penetration.
In the evolution of the modern rotary press Harrison (2) describes 
the period from theyear 1945 as one of progressive and rapid increase 
in both printing speed and web width. An important objective of the 
modern press designer is to combine a number of disparate processes 
into a single unified system. It is essential that the output of this 
costly system is not limited by an ineffective dryer.
1.2 Ink Drying Research - Infra-Red Drying Curves
I
Outside the converting industry, drying technology is usally concerned 
with the evaporation of water from porous solids. For this type of 
system, research has established that early drying proceeds at a 
virtually constant rate which is controlled by the external conditions, 
and that later the drying rate falls with time, Sherwood (3). At the 
inception of the research reported here it was beginning to be 
recognised by researchers, that the characteristics of ink drying were 
probably similar to those described above. However there appeared to 
be little published data to back up these assumptions for the 
evaporation of organic solvents from thin films, under air flow 
conditions relevant to practical dryers.
The various factors which have made the application of theory to dryer 
design such an intractable problem in all branches of the technology
are discussed in the next chapter, but one fundamental problem must be 
commented upon here. This is the difficulty of obtaining reliable and 
accurate experimental data, under realistic conditions, on the drying 
process itself. It is now becoming to be generally recognised that 
this data is most conveniently expressed either in a drying curve 
(which shows the moisture or solvent content of the material as a 
function of time) or in a rate of drying curve. For large size solids, 
drying data has in the past been obtained by weighing, but it is 
difficult to apply this method to the drying of paint films whose 
thickness lies in the range, 2 - 15 ym.
For ink drying research, the author overcame the difficulties 
associated with solvent measurement by the introduction of a novel 
non-contact method based on the principle of selective absorption of 
infra-red radiation by the solvent. Black and Hardisty (4). By 
directing a weak beam of IR radiation of a precise frequency onto the 
ink, the solvent conteiit is continuously monitored throughout the 
drying process and a drying curve is recorded. Detailed descriptions 
of the IR instrument, its associated electronic processing systems 
and the characteristics of its operation are given in Hardisty (5).
In the research reported in this thesis the IR technique is used to 
record ink drying curves for a wide variety of experimental conditions. 
For the research ink, these curves show that approximately 80% of the 
solvent is removed in the early period of drying and that during this 
period drying does in fact occur at constant-rate, Hardisty (6 ). It 
is believed that these curves constitute the first records of ink 
films drying under realistic air-flow conditions. It was also 
demonstrated that empirical heat transfer data, coupled with heat and
mass transfer theory, can be used to predict solvent evaporation rates 
in this important constant-rate period, Hardisty (7).
In the later falling-rate period, it appears that drying is limited 
by the rate at which solvent can diffuse through the ink residue to the 
free surface. In the more recent research an attempt has been made to 
analyse this complex, solvent-through-polymer diffusion, process by 
means of a computer model. In parallel with this theoretical analysis 
an attempt has been made to use the concept of the characteristic 
drying curve to correlate the IR drying curves in the falling-rate 
period, Hardisty (8).
2. INDUSTRIAL DRYING - BACKGROUND TO THEORY AND PRACTICE
2.1 Introduction
Although the research described in this thesis is entirely concerned 
with film drying, an attempt has been made to relate it to the wider 
field of general industrial drying. Experience and inquiry have 
shown that the sort of difficulties encountered when trying to apply 
basic theory to the design of a film dryer are also encountered in 
other fields of drying. Because of their importance and because of 
their wider significance, a brief account of the nature of these 
difficulties will now be given.
In contemporary chemical engineering, drying is classified as one of 
the unit operations and in textbooks the subject and its practice are 
often presented as straightforward. In fact, until quite recently, 
the design of industrial dryers was based largely on experience and 
empiricism, with little reliance being placed on heat and mass transfer 
theory. This situation has largely arisen because, historically, 
drying is one of the oldest operations in technology. A wide variety 
of dryer types has evolved, each to perform a specialised task and 
each with its established code of practice.
In practice, drying effectiveness must be demonstrated to the customer 
on a pilot rig or on the plant itself. Because of the diversity of 
dryer types, generalised theories of drying have not been developed to 
a point where they can replace empirical data. Indeed, in the recent 
opinion of van Brakel (9), a gulf has opened between design practice 
and the generalised theories of drying published by researchers.
In contrast to this view, the way forward may lie in seeking a basic 
methodology which can be applied to all drying research. It would
appear that drying problems can be divided into two fundamental
categories
a) Individual materials differ widely in their physical and chemical 
structure and this dictates the manner and the rate at which they 
may be dried. At the molecular level the transfer processes 
within the material are immensely difficult to analyse, but 
because they exert a profound effect on the rate of drying, these 
details cannot be omitted if the theory is to have practical 
relevance. A pertinent example of this type of difficulty, is 
that though the drying of both paper pulp and paint films can be 
broadly classified as the drying of continuous sheets, the 
technology of paper drying has, so far, proved of little use in 
the present investigation.
b) Individual materials differ widely in their handling characteristics 
In practice, the basic design problem of introducing the wet feed 
stock into the dryer, and then transporting it through the plant, 
may present even greater problems than the drying process itself.
The solution of the handling problem may dictate not only the 
manner in which heat is supplied to the material, but the config­
uration of the dryer itselfi
It would appear necessary to divide drying research into two separate,
but complementary fields of enquiry*
i) The drying characteristics of the material itself.
ii) The external drying environment which is imposed on the material 
by the dryer.
* It was recently learned by the author that such a subdivision of 
effort is made in the drying research carried out at SPP, Harwell,
Reay (10) .
It was possible, and convenient, to sub-divide the ink-drying research 
in this way. One field of enquiry was into the heat transfer charact­
eristics of impinging air jets, while the other was to record IR 
drying curves to yield the drying characteristics of the ink-filra.
Heat and mass transfer theory was later applied to unite the two lines 
of research.
2.2 The Process of Drying
Drying is a simultaneous heat and masc. transfer operation, in which 
the enthalpy to evaporate a liquid from a solid is provided in the 
drying air. The historical origins of drying technology appear to lie 
in the paper making industry.
The drying characteristics of different materials are most conveniently 
compared by plotting drying rate against either time or moisture 
content. During the early stages of drying, moisture can reach the 
free surface sufficiently rapidly to maintain this surface in a 
saturated condition. In this period the drying rate depends only on 
the velocity and the thermodynamic state of the drying air and when 
these external conditions do not vary this period is characterised as 
"constant-rate". Although the analysis of this period appears 
straightforward, confusion still persisted between such fundamental 
concepts as wet-bulb temperature and adiabatic saturation temperature 
as recently as 1933, Sherwood (11).
When moisture can no longer reach the free surface at a rate 
sufficient to keep it saturated, the drying rate will begin to fall. 
Drying will cease when the moisture content of the solid falls to the 
equilibrium value corresponding to the temperature, pressure and
8
humidity of the drying air. An end state of complete dryness is 
possible only in a non-hygroscopic material.
The constant-rate and falling-rate periods are separated by the 
critical point. The critical moisture content is usually defined as
average moisture content at critical point 
initial moisture content
Experiments appear to indicate that the critical moisture content is 
not a physical constant for a particular substance, but depends upon 
the size and shape of the body and its previous drying history.
The critical point is a significant design parameter since at this 
point the drying mechanism changes from one controlled externally to 
one controlled internally. It is unfortunate that theoretical 
methods of predicting the critical moisture content are by no means 
highly developed.
Theories of falling rate drying appear to have originated rather 
independently in two different fields. For homogeneous materials 
such as clay and gels, Sherwood (3) postulated that moisture was 
transferred internally by diffusion and obtained excellent agreement 
between theory and experiment.
Beginning with the work of Buckingham in 1907, moisture flow in porous 
bodies had been investigated by soil scientists who postulated that 
flow is caused by capillary suction. Discrepancies which arose due to 
the uncritical use of the diffusion equation to predict movement of 
moisture in granular materials were pointed out by Hougan et al (12).
At this tizne it appears to have been agreed that the movement of 
liquid water by diffusion is restricted to the equilibrium moisture 
content below the point of atmospheric saturation and to single phase 
solid systems in which the water and solid are mutually soluble (ibid) 
The dispute between diffusion and capillary theory appears to have 
been resolved in contemporary publications as follows. The basic 
partial differential equation has the form of the diffusion equation, 
but the physical variables in it may have been obtained from 
capillary theory.
Recent, more detailed, investigations have revealed that pressure 
gradients which cause moisture flow may be generated by shrinkage and 
by high temperatures. Evidently, in general, internal moisture 
transfer may be brought about by several mechanisms and the heat and 
mass transfer processes may be coupled. Luikov (13) has attempted a 
general treatment of this problem using the method of irreversible 
thermodynamics, indeed'this approach is often referred to as the most 
fundamental. However, great physical insight is required to formulate 
the desired coupled linear equations and empirical data is still 
required for their solution. For these reasons the method of 
irreversible thermodynamics has not proved to be attractive to the 
engineer and it was not used in this research.
2.3 Drying Practice in the Packaging and Converting Industry
Modern rotary presses must be capable of printing in full colour and 
this is achieved by passing the web through a series of separate 
printing units each of which applies a primary colour. Inter-colour 
dryers ensure that each colour is ostensibly dry before the succeeding 
colour is printed on top of it. The printed coating is brought to the
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specified degree of final dryness in a dryer situated between the last 
colour unit and the reeling or folding device.
Historically, early rotary presses printing on an absorbent substrate, 
such as paper, did not require a dryer as such. Later, when drying 
units were added to the press, they were usually in the form of drying 
tunnels which utilised low velocity warm air. Drying rates were low 
in long tunnels because boundary layer build-up caused a progressive 
lowering of heat and mass transfer coefficients. The desire for 
higher press speeds and throughputs led in turn to a demand for more 
effective dryers. In the late 1950's high velocity and high 
temperature impinging air jets were introduced to accelerate the 
drying process. This is brought about by the extremely high heat 
transfer rates which occur in the impingement zone. It should be 
noted that this research is concerned only with heat and mass transfer 
under impinging jets and not with other "direct" methods where the 
energy for drying is supplied by infra-red or ultra-violet radiators.
It should be apparent from even these brief remarks, that the primary 
problem of handling the fragile web on a higher-speed press severely 
constrains the dryer design. In addition special problems arise when 
the liquid evaporated is an organic solvent. Questions such as the 
quantity of solvent retained in the final dried product, the necessity 
to prevent explosions, solvent recovery from the dryer exhaust, 
pollution, etc., all require detailed design consideration, but these 
important topics lie outside the scope of this thesis.
2.4 Review of Previous Research into Ink Drying
The need for research appears to have been emphasised by the 
introduction of the impinging jet dryer in the late 1950's. Outside
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the field of ink drying a number of experimental investigations into 
jet heat transfer were carried out. However, because of the complex 
nature of the turbulent flow, a fluid dynamic theory of the impinge­
ment region has proved to be difficult. The published information on 
the fluid dynamic and heat transfer characteristic of jets was 
reviewed by the author (14) .
Quantitative data on the ink drying process itself is sparse. Tests 
carried out on operating presses are usually inadequately documented 
and tests carried out in the laboratory are frequently unrealistic.
In addition film-drying does not readily fit into any of the classical 
unit operations of the chemical engineer and is usually dealt with by 
industrial chemists. Indeed, an early suggestion by Bennett and 
Wright (15) was that the early stage of ink drying should be treated 
as a distillation process.
The three articles by Graf (16) constitute a useful review of drying 
problems in rotogravure, but only semi-quantitative data from press 
operation are reported. Krizek and Korger (17) report data on the 
constant-rate period of film drying, but give no details of how their 
experimental drying curves were obtained. Wilhoit (18) describes an 
interesting laboratory investigation into the drying of PVDC aqueous 
coatings, but due to difficulties with the experimental technique 
reproducibility appears to be marginal. Scheuter and Dosdogru (19) 
outline the print drying research carried out at the Institute for 
Printing Machines and Printing Processes at Darmstadt. After the 
research at Bath based on the IR technique had begun, it was learned 
that Scheuter and Dosdogru (20) also proposed to use this principal to 
measure solvent content in their work. However after this description 
of preliminary tests nothing further has been heard of this research.
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2.5 Presentation of Drying Theory in this Thesis
The basic theme which runs through the account of drying theory 
presented here, is that of diffusion in the important constant-rate 
period the rate of drying is limited by the rate at which solvent 
vapour can diffuse through the air-side boundary layer. In the 
falling-rate period, where some of the most intractable problems occur, 
it appears that the rate of drying is limited by the rate at which 
solvent molecules can diffuse through the solidifying polymer resin.
In spite of this underlying connection, it will be convenient to treat 
the two periods of drying separately. Investigation has shown that 
diffusion of solvents in polymers requires a markedly different treat­
ment from that of the more straightforward process of gaseous diffusion.
Aspects of the theory of diffusion and mass transfer in gaseous systems 
are set out in Chapter 3, to form a basis for"the theory of constant- 
rate drying which follows in Chapter 5. The theoiry of diffusion in 
liquids and polymers is given in Chapter 8 . The presentation of the 
diffusion equation itself is delayed until Chapter 9, where the 
appropriate form of a solution to it are discussed. This is an 
essential preliminary to the computer solution of diffusion equation 
which is.presented in Chapter 10.
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3. BASIC MASS TRANSFER THEORY
3.1 General
In the early sections of this chapter the fundamental equations used 
to define the diffusion coefficient are presented and some basic mass 
transfer situations are considered. This provides a theoretical basis 
for the following two aspects of this research
i) Vapour evaporating from the free surface is transferred across 
the outer region of the boundary layer by turbulent eddies. 
However, the rate of evaporation is usually limited by the rate 
at which solvent vapour can diffuse through the viscous region 
of the boundary layer adjacent to the wall.
ii) The basic definitions of diffusion coefficients are required in 
Chapter 8 where diffusion of solvents through polymers is 
discussed in greater detail.
It is appreciated that the basic material described in these early 
sections will be familiar to the chemical engineer, but the material 
is much less familiar to the mechanical engineer and to the industrial 
chemist. In addition, definitions of the diffusion coefficient and 
the mass transfer coefficient require much greater care than the 
analogous definitions in heat transfer.
3.2 Fick's Law of Diffusion
The fundamental law expressing the rate of diffusion of a dissolved 
substance in a solvent was first proposed by Adolf Fick in 1855.*
Fick first attempted to establish this basic law by an analysis of
* Earlier pioneering experiments on diffusion, effusion and trans­
piration had been carried out by Thomas Graham in 1850.
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molecular motion, Tyrrell (21). When these attempts failed, Fick 
postulated the law which bears his name by invoking the similarity 
between the processes of the spreading of a dissolved substance in a 
solvent, the spreading of heat in a thermal conductor and the spreading 
of electricity in an electrical conductor. Nothing was more probable, 
he stated, than that all these processes "takes place according to the 
same law which Fourier has suggested".
Fick's first law is the hypothesis that the rate of transfer of matter 
by diffusion is directly proportional to the concentration gradient
where
j = diffusion flux
D = diffusion coefficient or diffusivity 
9c/8y = concentration gradient in the y direction
Data on diffusion may be presented in various systems of units, but 
provided that j and c are both expressed in forms of the same quantity 
of matter, eg. kg or kg-mole, then the diffusion coefficient D will 
have the dimensions of (length)^/time and the units of m^/s. Fick's 
Law is phenomenological in character. The final justification for the 
manner in which it is expressed should be that the diffusion coefficient 
which it defines is independent of the concentration gradient.
Of necessity,discussion will be limited to isothermal, isobaric 
systems with no external force fields. Thus, temperature diffusion, 
pressure diffusion and forced diffusion will not be considered. For 
an isothermal, isobaric, binary mixture of two components A and B
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Fick's Law may be written in molar units as 
9c
= 3.2.2
= flux of A relative to molar average velocity, mole/m^s 
c^ = molar concentration of A, mole/m^
= binary diffusion coefficient, m^/s
Equation 3.2.2 is applicable when there is no volume change in mixing 
ie. to ideal gases and to ideal solutions. For this case the plane 
of zero net volume flow and the plane of zero net molar flow, 
coincide.
To deal with situations in which the overall concentration changes in 
the y-direction, a more rigorous definition of Fick's Law is
dx .
■̂ A “ - ° °AB 3.2.3
where
c = concentration of mixture, mol/m^
x^ = mole fraction of A
For a binary mixture, the diffusion of component B can also be 
expressed in terms of equation
By definition, equal amounts of the two components are transferred in 
opposite direction across the plane of zero molar diffusion
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J ^ = - J b 3.2.4
noting that dx^/dy = - dx^/dy
•3m  = •3bA ■ 3.2.5
The diffusion coefficient in a binary mixture is termed the mutual-
diffusion coefficient and is a function of composition. Diffusion in
a homogeneous mixture can be measured if one of the components is
labelled by means of a radioactive tracer (isotope). In this case,
the tracer-diffusion coefficient is also a function of the composition,
As the mole fraction of the labelled component approaches unity then
the value of the tracer diffusion-coefficient approaches that of the
self-dif fusion coefficient D,.̂ . The smaller the difference inAA
properties between labelled and unlabelled species the closer will 
this approach be.
The implication of equation 3.2.3, that diffusion will cease when the 
concentration is everywhere the same is true within a single phase. 
However in multi-phase systems spontaneous movements towards 
equilibrium only stop when the chemical potential or activity is the 
same in each phase. Thus the true driving force of diffusion is not 
concentration but chemical potential. This further elaboration will 
be taken up later.
3.3 Diffusion in Binary Mixtures
A rigorous statement of Fick's requires specification of the reference 
frame with respect to which the diffusion takes place. Bird et al (22), 
True diffusion occurs when the velocity of a component in a mixture 
differs from the average velocity of the mixture. This average
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velocity may be expressed either on a molar basis (V) or on a mass 
basis (V^).
For a binary system with constant average velocity and considering 
the y direction only, the molar flux relative to the molar average 
velocity is
3ft = =A ('"a  - 3.3.1
= velocity of component A, relative to stationary co-ordinates
V = molar average velocity of mixture relative to stationary 
co-ordinates.
The two expressions for the diffusion flux from equations 3.2.3 and
3.3.1 may be set equal to each other, to give
and denoted a molar flux relative to stationary co-ordinates by the 
symbol N
■3*aNa = Xa (Na + Nb) - c 0^  —  3.3.2
Equation 3.3.2 shows that the molar flux is the vector resultant 
of a flux due to the bulk motion of the mixture added to a diffusive 
flux due to the concentration gradient.




“a “ “a + “b’ - P°AB W  3.3.3
Because mass transfer phenomena may be described in terms of different 
frames of reference,care is required when comparing or converting data. 
In experimental work the most convenient reference frame is one fixed 
to the apparatus, which is usually stationary. In this type of 
situation,mass transfer by pure diffusion may be accompanied by mass 
transfer by bulk movement of the fluid or solid. Even in ostensibly 
stationary systems, detailed analysis based on equations 3.3.2 and 
3.3.3 may reveal bulk movement of the system. To evaluate the true 
diffusion coefficient from experimental mass transfer data the effect 
of bulk transport must either be eliminated or be shown to be 
negligible.
One-Dimensional, Steady-State Diffusion
To solve equation 3.3.2 for a particular physical situation the 
boundary-conditions appropriate to that situation must first be stated.
For the steady-state both N.̂  and N are constants.A B
Assume that the diffusion coefficient is constant.
a) Equimolar counter-diffusion 
For this case
Using this condition in equation 3.3.2 and integrating




b) Diffusion of A through a layer of stagnant gas B
This physical situation occurs when steady-state evaporation takes 
place from a free liquid surface. The evaporating vapour may be 
regarded as component A and the boundary layer formed by the air 
blowing over the surface may be regarded as component B.
Making use of the fact that for a stagnant gas is zero, equation
3.3.2 may be integrated




Equation 3.3.5 is required in section 3.7.
I
3.4 Diffusivity in Gases
An expression for the binary diffusion coefficient D^^ for two gases 
A and B may be derived from kinetic theory. Making the assumptions 
that the molecules of both species are elastic spheres having the 
same diameter d and mass m, then from simple kinetic theory (23)
— 18kTMean molecular velocity = V = /---J IT m
Mean free path = X = ^
/2 TT d^ n
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where
n = number density of all molecules 
k = Boltzmann's constant 
T = Thermodynamic temperature
A determination of the flux of species A which arises from random 
molecular movements and a comparison of this flux with Fick's Law, 
leads to
Noting that n = , then
o p  V TT /» » ■ ! — I - - - '
where
a = collision cross-section trd, ̂A
For binary diffusion in gases of two different molecular sizes, more 
advanced kinetic theory yields the following formula for the diffusion 
coefficient (23)
3.4.2
m^, m^ = molecular mass, gm
‘’aB = '°A + "b ’
This theory was further developed by Chapman and Enskog using the 
postulate that the manner in which molecules attract or repel one
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another may be analysed by means of an intermolecular potential 
function.
An alternative to a purely theoretical approach is to preserve the 
form of the above equation, but to evaluate the constants in it from 
experimental data. Various attempts have been made to correlate 
experimental values of diffusion coefficients in this semi-empirical 
manner. One of the most successful of these is due to Fuller et al 
(24) who carried out a least squares analysis of 340 data points 
obtained from the work of 15 other investigations :-
0.001 T^*
M = relative molecular mass 
Ev = molecular diffusion volumes
Ev are obtained by the summation of "special atomic diffusion volumes" 
which are tabulated in Fuller et al.
Equation 3.4.3 was used in this research to calculate the diffusivity 
of solvent vapour through air for the constant-rate period of drying. 
For this purpose the parameters in equation 3.4.3 had the following 
numerical values:-
4 methyl 2 pentanol
=  102.0





3.5 Convective Mass Transfer
The speed of constant-rate drying clearly depends upon the rate at 
which heat and vapour can be transferred, simultaneously and in 
opposite directions, across the fluid dynamic boundary layer next to 
the free surface of evaporation. It is assumed that the energy to 
vapourise the liquid is supplied entirely by convection and that the 
mainstream state of the drying air is constant.
In practice the boundary layer is almost always turbulent in character 
and usually no exact theoretical solutions are available. In this 
situation it is customary to express the convective transfer of heat 
and mass in terms of empirical rate equations. The heat flux q, from 
the drying air to free surface, is given by
q = h(T^ - T^) 3.5.1
ph = heat transfer coefficient, w/ra K 
Tg = mainstream air temperature, c 
Tg = surface temperature, c
The analogous convective rate equation for the mass flux from the 
surface is
N = k (c - c,.̂) 3.5.2A c s G
= mass flux, mol/m^s 
k^ = mass transfer coefficient, mol/m^s(mol/m^)
Cg = saturated vapour concentration corresponding to T^, mol/m^ 
Cg = vapour concentration in mainstream, mol/m^
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During the constant rate period a condition of dynamic equilibrium 
is established when the heat transferred to the surface is just 
sufficient to increase the enthalpy of the liquid to be vapourised. 
This dynamic balance is represented by the following equation
h(Tg - Tg) = - 3.5.3
1hfg = latent heat of vapourisation, J/mol
One of the difficulties of mass transfer theory is that the driving 
force in equation 3.3.2 can be expressed in other units than molar 
concentration. For example in theory developed later the following 
form of the rate equation is used
”a  = ’'p <Ps ■ Pq ’ 3.5.4
= mass transfer flux, kg/m^s 
kp = mass transfer coefficient, m/s 
p = mass concentration (density) kg/m^
Of course the various forms of the mass transfer coefficient are 
related. For example, inspection will show that k^ and k^ are 
dimensionally and numerically identical
k = k  3.5.5P c
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3.6 Film Theory of the Turbulent Boundary Layer
The concept that in convection a heated body is separated from the 
main bulk of the fluid by a thin layer of stationary fluid across 
which heat is transferred by pure conduction, was first suggested by 
Nernst in 1904. This hypothesis was further developed by Langmuir.
The concept was used on a heuristic basis by Lewis and Whitman in 
their pioneering work on mass transfer.
More recent fluid dynamic research has shovm that the turbulent 
boundary which forms next to a drying surface is a flow field of 
great complexity. Numerical solutions of the boundary layer 
equations are possible on a high speed computer, but there was 
insufficient time in which to attempt such a solution. Faced with 
this situation, it was necessary to have a physical model on which to 
base theoretical analysis and to guide physical thinking. The 
stagnant film hypothesis was adopted for this purpose because of its 
simplicity and because it still retains its conceptual usefulness.
A change to a more complex model of the boundary layer would be straight 
forward if this was later felt to be desirable.
To demonstrate the connection between the processes of heat, mass and 
momentum transfer, the stagnant film hypothesis is presented in its 
simplest form. Heat transfer across the film is analysed first, then, 
by analogy, the treatment is extended to cover momentum and mass 
transfer.
Secondary effects, such as the effect of bulk-flow and the effect of 
the mass transfer on the heat transfer coefficient, are dealt with 
later in Section 3.7.
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Heat Transfer
The effective thickness of the hypothetical stagnant film is such 
that it offers the same resistance to heat transfer (by conduction)
as the real boundary layer
Tc^pc/otoirc prof» le *1 
I layer
A = thickness of real boundary layer
The following identity must be satisfied at the boundary surface
h(Tc - T^) = k(dT/dy)^
but (dT/dy)^ = \  "̂ s
h = k/6. 3.6.1
A comparison of this expression with the expression defining the 
Nusselt number
Nu = hL/k 
yields
Nu = L/ 6 3.6.2
L = characteristic scale dimension
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Theory and dimensional analysis shows that heat transfer data may be 
correlated by a non-dimensional expression of the form
a bNu = C Re Pr 3.6.3
where C, a and b are constant to be determined by experiment. 
Reasoning from the results of boundary layer theory^Colburn (34) 
suggested that the unknown index b had the value of 1/3.
Momentum Transfer
Assume that next to the wall there exists a thin layer of thickness 
6^ across which the shear stress x is transferred entirely by the 
action of molecular viscosity. The following identity must be 
satisfied at the boundary surface
pv^f - y(dV/dy)^
by definition
f = friction factor = 2x^/pv^ 
V = main stream velocity
but (dV/dy)g = V/6^
= 3.6.4
V V
Re = Reynolds number = VLp/y
Heat and momentum are transferred by the same fluid dynamic mechanism. 
This underlying similarity finds expression in the various forms of
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the analogy between the processes heat and momentum transfer which 
have been developed. More will be said on this subject in Section
5.2, but it is a consequence of the Chilton-Colburn analogy that
f = 2C Re^ ^ 3.6.5
Equating 3.6.4 and 3.6.5 gives
—  — C Re 3.6.6
V
These relations may be used to interpret the heat transfer 
correlation equation 3.6.3
Nu = C Re^ Pr^
a 1/3L/6^ = C Re Pr  ̂ 3.6.7
V * T  “ 3.6.8
The Reynolds number controls the thickness of the momentum layer. It 
is apparent that the role of the Prandtl number
p _ / _ momentum diffusivity
^ ^ thermal diffusivity
is to relate the thicknesses of thermal and momentum layers.
Mass Transfer
Because of the similarity between the physical processes of heat and 
mass transfer, the stagnant film hypothesis may also be applied to 
the concentration boundary layer.
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Let
6 = thickness of stagnant film for mass transferM
The following identity is satisfied at the bounding surface
k^ (c ̂  - c^) = D (dC/dy) ̂
c - c
but (dc/dy) = --- %---
^ M
k = D/6^ 3.6.9c M
The mass transfer analogue of the Nusselt number is the Sherwood 
number
Sh = k L/D c
From which it follows that
Sh = L/6 3.6.10M
The Schmidt number
_ , momentum diffusivitySc = v/D = ------- ------ :— —   mass diffusivity
has the same form as the Prandtl number
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3.7 Transfer Coefficients - Secondary Effects
In forced convective heat transfer (in the absence of mass transfer) 
the concept of the heat transfer coefficient is a powerful one for 
two reasons. Firstly, experimental determination of h is apparently 
straightforward. Secondly, h is a unique function of flow conditions 
and fluid properties, in particular it is independent of the heat 
flux.
However, a closer analysis shows that, even in simple situations, a 
rigorous definition of the mass transfer coefficient in terms of the 
rate equation is not necessarily straightforward. There are two 
principal reasons for this. Firstly, when vapour diffuses from the 
surface of liquid through the stagnant film, a bulk flow is induced 
in the air which constitutes the film (Section 3.3). For the 
transfer coefficient to be independent of mass flux this effect must 
be eliminated. Secondly it can be shown,.both experimentally and 
theoretically, that the effect of a mass flux normal to the boundary 
is to distort the boundary layer velocity profile. At high mass flow 
rates this distortion is sufficient to effect the magnitude of the 
mass transfer coefficient. •
In cases of combined heat and mass transfer, distortion of the velocity 
profile by the mass flux may in turn offect the heat transfer 
coefficient.
These effects will now be examined. In spite of its approximate 
nature the stagnant film hypothesis should be adequate for this 
purpose as the effects themselves are of the second order of 
magnitude.
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The Effect of Bulk Flow on the Mass Transfer Coefficient
The rate equation 3.5.2
may be regarded as an integration and replacement of equation 3.3.2
in which the bulk flow term has been neglected in the transformation. 
Thus rate equations such as equation 3.5.2 are strictly valid only in 
the following two situations
i) Equi-molar counter-diffusion, where by definition bulk flow is 
zero.
ii) At low mass transfer rates, where bulk flow may be considered 
negligibly small.
For equi-molar counter-diffusion across a stagnant film of thickness 
6, equation 3.3.4 gives
•*AB *'̂ A2 ■ ‘̂ Al* 3.7.1
”a  -------- 1--------
The mass transfer coefficient k^ for equi-molar counter diffusion is 
defined in terms of the rate equation
••a = - kc (=A2 - ^Al> 3.7.2
Comparison of equations 3.7.1 and 3.72 shows that
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kl = Dag/g 3.7.3
The mass transfer coefficient is defined as being independent of 
bulk flow
3.7.4
Consider next, the mass transfer process relevant to evaporation from 
a free surface, i.e. diffusion of A through stagnant B. Adopting 
equation 3.3.5
"
where c^ = log mean value of c^
The mass transfer coefficient for this process is defined in terms of 
the rate equation
= - ko (=A2 - Cal' 3.7.6
It follows from a comparison of equations 3.7.5 and 3.7.6 that
k = — —  3.7.7
and using equation 3.7.4
k = k® c/c_ 3.7.8c c B
Measurements of mass transfer rates from a solid surface entail that 
the mass transfer coefficient actually determined is k^. This
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coefficient must be corrected for bulk flow before it is included in 
the Sherwood number
Sh = L/6^ = k»L/D^
■’a b =
3.7.9
Equation 3.7.8 may be rewritten terms of pressure as
k
The Effect of Mass Transfer on the Heat Transfer Coefficient
Assume
A  M
Consider any plane normal to the y-direction
Energy must be conducted downwards to supply the latent heat of 
vapourisation h^^ and to increase the temperature of the vapour above
kdT/dy = m^ hf^ + m^ Cp (T - T^)
m^ = mass transfer rate, kg/s 
Cp = specific heat, J/kg K
rearranging and writing = m^ hf^
9s dT
k 1 + Cp(T - Tgj/hfg
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integrating between the limits of y = O and y = Ô 
<3- « hgs -  ln(l + R)k Cp
where
R = Cp(T^ - Ts)/hfg
Now conventionally the heat transfer coefficient is defined by the 
rate equation
h(Tg - T3 ) =
h = In (1 + R) 3.7.100 R
Also by definition when there is no mass transfer 
h^ = k/6
The effect of mass transfer on the heat transfer coefficient may now 
be expressed in terms of the ratio
Y = h/h^ 3.7.11
and finally using equation 3.7.10
Y = 3.7.12R
34
4. DRYING CURVES USING INFRA RED
4.1 General
Over a three year period of research and development, a large number 
of IR drying curves have been recorded, of which the curves presented 
in this thesis are a selection. The early experiments were concerned 
with the influence of external air on the constant-rate period and 
later the falling-rate period was investigated. To help in their 
assimilation, the curves are presented in sets. The sequence of 
presentation roughly follows the chronological order in which the 
tests were carried out.
In this chapter the research rig and the experimental technique are 
described and the first set of drying curves is presented. Because 
the curves in this first set are generally representative of the 
others, they provide a background against which the theory of both 
constant-rate and falling-rate theory can then be developed.
In the early research, Hardisty (5), great difficulty was experienced 
when attempting to devise laboratory methods for laying down ink films 
in an accurate and repeatable form. For the present research ink is 
applied by means of a gravure printing press and the results will 
demonstrate that the early difficulties have been overcome.
4.2 Experimental Technique 
Description of Drying Research Rig
The research rig is shown in Figures 4.1 and 4.2.a. The ink coating 
was printed onto the plastic substrate by means of a small rotary 
gravure press. The gravure cylinder was etched with four separate 
bands each approximately 4 cm wide and of increasing depth of etch.
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Figure 4.2.b. By this means four inked strips of increasing thickness 
(No. 1 - thinnest; No. 4 - thickest) were printed onto the polypropy­
lene substrate. This allowed the influence of coating thickness on the 
drying characteristics of the ink to be studied. The uncontrollable variation 
in thickness of the ink coatings produced by the gravure printer is 
extremely small. This is demonstrated by the close agreement achieved 
between two drying curves when a test is repeated.
Commercial inks usually consist of a blend of solvents but for 
research purposes the following single solvent ink was formulated
Pigment Isol pthalo blue 7%
Resin Versamid 930 16%
Solvent 4 methyl pentan-2-ol 77%
The solvent was selected because its low volatility allowed sufficient 
time for its drying characteristics to be studied.
During operation of the press, the gravure cylinder is driven at 
constant speed by an electric motor and revolves continuously. The 
underside of the cylinder dips into the ink reservoir. Surplus ink is 
scraped from the surface of the cylinder by the doctor blade, but ink 
is retained in the tiny etched pores in the surface. Before printing 
is started the impression roller is held clear of the gravure roller 
and the plastic web is stationary. When required, fresh plastic may 
be drawn from the "unwind" reel, which is prevented from turning 
freely by a light friction brake. A torque is continuously applied to 
the "wind" reel by means of a slipping belt drive. By this means 
printed cind dried plastic is accepted and reeled up at the speed which 
it is produced.
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To print, the pneumatic cylinder is activated and the impression roller 
is pulled down. This roller, which is manufactured from a relatively 
flexible material, forces the web into 'the etched cells on the gravure 
cylinder, and ink transfer takes place. The web is gripped tightly in 
the "nip" between the two rollers, and pulled from the unwind reel.
It was soon realised that for research, continuous operation of the 
press would be both costly and undesirable. Instead short lengths of 
web (approximately 2m) were printed and then brought to rest for drying 
beneath scanning head of the IR instrument. Approximately one metre of 
plastic was left uncoated between printed sections.
The ink was dried by a single air jet, issuing from a slot nozzle of 
width B, 3 mm, and directed vertically downwards onto the web. Air was 
supplied by a constant speed centrifugal fan and the air flow was 
regulated by means of a damper at fan discharge. Jet efflux velocity 
was calculated from the manometric head measured at the plenum chamber 
immediately upstream of the nozzle, the loss coefficient of the slot 
nozzle was negligible. The air was heated by means of a small electric 
heater positioned in the fan delivery duct. Air temperature was 
regulated by varying the electrical power to the heater. Heat transfer^ 
research has shown, Hardisty (6 ), that the maximum value of stagnation 
point heat transfer coefficient occurs when the nozzle is positioned at 
a distance of eight slot widths from the surface. Accordingly the 
slot nozzle was positioned at a height (Z) of 24 mm above the web.
For each test, a section of the web was dried while stationary in the 
wall jet formed at the side of the slot nozzle. Figure 4.3. In this 
way the quantity of solvent in the ink could be continuously monitored 
during drying in a controlled environment.
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IR Drying Curves
The solvent content of the ink (dryness) was detected and measured 
with a commercial IR instrument, the SM2 Infragauge (25), which 
operates on the principle of selective absorption of IR. Details of 
this instrument have been given elsewhere, Hardisty (4) and (5), but 
for an understanding of the present work, it will be necessary to 
describe briefly its salient operating characteristics.
A beam of radiation at a precise wavelength of 2.95 ym is directed 
onto a horizontal inked specimen situated above a reflecting aluminium 
plate. At this wavelength the solvent absorbs IR strongly while the 
remaining constituents of the ink and the plastic substrate absorb IR 
only weakly. After interaction with the solvent radiation is back- 
scattered from the aluminium plate to a photo-conducting IR detector 
situated in the measuring head. The electrical output of the measuring 
head is electronically processed so that, over the linear portion of 
its range the output voltage V of the Infragauge is directly 
proportional to the quantity of solvent in the IR beam. For almost all 
of the research the IR measuring head was positioned on the press side 
of the drying jet so that virtually no drying occurred before the 
freshly printed ink was brought to rest in the measuring beam. Figure
4.3. The centre of the IR beam was lO cm from the nozzle centre line.
The following method was evolved to obtain a continuous record of 
solvent content during drying - an experimental drying curve. The 
Infragauge output was connected to the Y-axis of an X-Y recorder. By 
starting and stopping the press a short length of freshly coated 
plastic was brought to rest in the IR beam. The time base on the X-Y 
recorder was started at the instant the freshly coated plastic came
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to rest, anid a continuous drying curve was subsequently recorded from 
the stationary specimen.
Experimental Drying Curves
Before the IR drying curves can be fully understood the operating 
characteriS'tics of the Infragauge must be appreciated. These can most 
readily be explained with reference to a typical curve shown in 
Figure 4.4.
At zero time, the true origin of the drying curve should be V^, the 
voltage directly proportional to the quantity of solvent in the freshly 
applied ink,. The discrepancy between the Infragauge signal and the 
true drying curve which occurs at small values of time arises from two 
practical limitations of the instrument.
i) A relatively slow response from the instrument when fresh ink is 
sudden introduced into the measuring beam. This response is an 
inherent characteristic of the electronic processing circuits 
within the Infragauge and is discussed in greater detail in 
Section 6.5.
rnii) For large solvent quantities, the relation between solvent i 
the measuring beam and output voltage becomes non-linear
This second characteristic is a fundamental consequence of the manner 
in which radiation is absorbed by matter. The ability of the layer of 
solvent to absorb radiation increases exponentially with the thickness 
of the layer (Beer's Law). For moderate ink thicknesses electronic 
systems within the Infragauge are designed to compensate for this 
exponential characteristic. Thus, in the range 0 - 8  volt, the
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Infragauge output voltage is directly proportional to the quantity of 
solvent present in the IR beam. As the ink. thickness is further 
increased, the electronic systems are no longer capable of linearising 
the output. Eventually, excessively thick solvent layers possess 
sufficient absorptivity to extinguish the IR beam entirely. When this 
occurs the sensitivity of the instrument is saturated. In practice, 
at the beginning of drying, ink layers from gravure bands 2, 3 and 4 
contained sufficient solvent to saturate instrument sensitivity.
Tests showed that the early portions of drying curves from band No. 4, 
the thickest band, were so affected by this phenomena, as to 
significantly reduce the validity of data taken from them. Drying 
curves from band No. 1, were the least subject to these unwanted, 
non-linear effects. However, the thinnest layer has the shortest 
drying time, and this reduced the time available in which to carry 
out the experiment. Band No. 3 offered a practical compromise 
between these two effects, and it was the one most frequently 
selected for test work’.
The early portion of a drying curve, shown as a straight line in 
Figure 4.4, is usually referred to as the "constant-rate" region but 
such a designation requires qualification. The period of the 
constant-rate drying is in general preceded by a period of initial 
adjustment, during which the system is brought to its equilibrium, 
wet-bulb temperature. When the temperature of the drying air is low 
this initial period is short enough to be neglected. However this is 
not true at high temperatures when the initial adjustment period takes 
up a significant fraction of the total drying time.
On this same point, any change in the state of the external environ­
ment during drying will be accompanied by a corresponding change in
40
surface temperature. In an industrial air jet dryer, this will occur 
each time the printed web passes underneath an air nozzle. For 
reasons such as these, the so-called constant-rate period should more 
properly be referred to as the period of externally-controlled drying 
or as the initial drying period.
4.3 Ink Viscosity and Thickness of Ink Coating
When delivered the research ink was in the form of a gel. For test 
purposes it was necessary to add sufficient solvent to produce an ink 
viscosity suitable for gravure printing. The empirical method in use 
throughout the printing industry to estimate ink viscosity,is by means 
of a "Zahn Cup". This is a small stainless steel cup 3.25 cm in 
diameter and 5.8 cm in length in the bottom of which is a small hole 
of precise diameter. By means of a handle the cup is dipped into the 
ink, filled and then at given time lifted out again. The ink drains 
out of the cup through the small hole and the time in seconds for the 
cup to empty is a measure of ink viscosity. Numbered cups, with 
drainholes of different diameter, allow inks with a range of 
viscosities to be dealt with. In practical roto-gravure printing 
ink viscosity is usually maintained in the range 20 - 30 s, determined 
on a No. 2 Zahn cup.
To convert drying times into drying rates the amount of solvent, 
kg/m , deposited on the web by the gravure cylinder must be known.
The first step was to relate ink viscosity to solvent content and 
this was determined as follows. A sequence of weighings, on a 
chemical balance, showed that the ink gel as delivered consisted of 
50% solvent. Next, measured quantities of solvent were added to, and 
mixed with, a known mass of gel and after each addition the ink
41
viscosity was measured using a No. 2 Zahn cup. The relationship 
between the percentage solvent in the ink and the time to empty the 
Zahn cup is shown graphically in Figure*4.5.
The mass of a dry ink on the plastic, kg/m^, was estimated by weighing 
on a chemical balance, Hardisty (5). This data together with appropriate 
specific gravity data and the percentage of solvent in the ink, allowed
the thickness of ink deposited by each gravure band to be estimated as
follows :-
Band Number 1 2  3 4
Ink Thickness, ym 6.6 9.4 11.3 13.8
specific gravity of solvent 0.808
specific gravity of dry ink (pigment + resin) = 1.1
4.4 Constant-Rate Drying; The Effect of Ink Thickness and Solvent Content
The drying curves shown in Figures 4.6a - 4.6d are the results of a 
series of tests to determine the effect on the constant-rate region of 
changes in both ink layer thickness and percentage solvent in the ink.
The air velocity and temperature, at the drying nozzle were maintained 
constant for all tests. For the first tests. Figure 4.6a, the ink 
viscosity was the highest possible, consistent with practical printing.
For the tests at lower viscosity, pure solvent was added to the ink 
reservoir. The ink viscosity for last test. Figure 4.6d, corresponds 
to standard rotogravure practice.
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As a check, at least three drying curves were recorded at each test 
condition and it can be seen that repeatability was excellent. This 
repeatability is a visible confirmation that by changing to a gravure
printing press, earlier difficulties of applying thin ink layers had 
been overcome. The curves also demonstrate the ability of the IR 
instrument to discriminate between minute differences in ink thickness.
The Infragauge beam monitored only one of the four printed strips. To 
obtain curves from other strips of different thickness it was necessary 
to move the measuring head parallel to the slot nozzle in bearings 
provided for this purpose. Figure 4.2. In practice this was a tedious 
adjustment to make since even a small change in the angular orientation 
of the IR beam causes an unwanted change in the output voltage of the 
instrument. An attempt was made to record curves from gravure band 
No. 4, but the thick ink layer saturated the sensitivity of the Infra­
gauge (see Section 4.2). Curves from this band were difficult to 
interpret and little reliability could be placed in results extracted 
from them. For this reason, no drying curves were recorded from band 
No. 4 in this series of tests.
It is apparent, and this is true of all IR drying curves recorded from 
the research ink, that the early portion of each curve in Figures 4.6a 
- 4.6d is in fact linear. It is also apparent that the gradients of 
these linear portions are approximately the same and largely 
independent of ink thickness and solvent content. To quantify this 
point,the gradients (volt/s) of the linear portions of the curves are 
set out in the Table 4.4.1
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Fig 5.3a Fig 5.3b Fig 5. 3c Fig 5.3d
Band 1 : ink thickness, 6.6 ym 0.5 0.49 0.52 0.54
Band 2 : ink thickness, 9.4 ym 0.48 0.45 0.45 0.55
Band 3: ink thickness. 11.3 ym 0.43 0.41 0.41 0.52
TABLE 4.4.1
Although there is some evidence of systematic variation (discussed 
further below) all gradients are within ±15% of the average, 0.48 v/s.
It should be noted that, although all drying curves clearly show a 
linear (constant-rate) section, this is somewhat surprising. True 
constant-rate drying only occurs when free liquid evaporates from a 
solid, such that the surface vapour pressure remains constant. This 
boundary condition does not necessarily hold for evaporation from a 
solution, where, in general, the vapour pressure of the solvent at 
the surface will change as the concentration of the solvent in the 
solution changes. This point is discussed in greater detail in Section 
6.6 and in Appendix 2. However the large number of drying curves 
recorded throughout this research show that, for the research ink, the 
early stages of drying take place at constant-rate.
V^, the virtual voltage at zero time, was determined for each of the 
drying curves in this test series, by extrapolating the linear portions 
of the curves backwards to cut the voltage axis. The quantity of 
solvent deposit m^ corresponding to each value of was estimated 
from
m = A. F . SG o s
44
A = Thickness of initial ink deposit, ym
F = Fraction solvent in ink s
SG = Specific gravity solvent
To check both the consistency of the test results and the linearity of 
the Infragauge, corresponding values of and m^ were plotted against 
each other in Figure 4.7. The graph is reasonable confirmation of the 
consistency of the experimental data. Table 4.4.1 shows that thicker 
ink layers dry more slowly than thin, i.e. they have smaller gradients. 
If this effect was not a real one, but arose from some inconsistency 
of technique, then the most likely cause of it is that the estimated 
value of is low. Figure 4.7 indicates that this conjecture could 
be true.
The drying curves from this test series showed, that in the constant- 
rate period, the rate of drying was largely independent of the 
percentage solvent in the ink. Because of this, the solvent content 
of the ink was maintained constant for all subsequent constant-rate 
tests. An ink viscosity of 30 sec on a No. 2 Zahn cup (77% solvent) 
was selected as standard, this value being in accordance with good 
gravure practice.
4.5 Externally Controlled Drying - The Effect of Air Velocity and 
Air Temperature___________________________________________________
Figure 4.8 shows the effect on the IR drying curves of systematically 
varying air jet velocity whilst maintaining all other parameters 
constant. All tests were carried out on gravure band 3 to ensure 
drying times of sufficient length to allow an accurate comparison with 
theory. The air velocity , measured at nozzle outlet, was varied 
by adjusting the air pressure in the nozzle box. Because the jet
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entrained ambient air, its tenperature at the IR measuring point was 
lower than at the nozzle outlet. The air temperature T^ was measured 
by a glass stem thermometer placed in the wall jet boundary layer at 
the IR measuring point. Thermocouple traverses showed that this therm­
ometer sensed the maximum in the wall jet temperature profile. To 
confirm repeatability two drying curves were recorded at each test 
condition.
Figure 4.9 shows the effect on the IR drying curves of systematically 
varying air temperature whilst maintaining all other parameters 
constant. To check repeatability three drying curves were recorded at 
each test condition. Inspection of Figures 4.8 and 4.9 shows that 
repeatability is excellent.
The calibration of the Infragauge (proportionally between and 
solvent deposit m^) will change with time if there is a change in 
instrumental gain. It is useful therefore to have a parameter with 
which to characterise constant rate drying that is independent of 
uncontrollable electronic changes such as amplifier drift. Such a 
parameter is, t^ defined as the hypothetical time for the solvent 
content of the ink to fall to zero, the drying rate being maintained 
as its constant-rate value (see Section 6.7). Provided that the mass 
of solvent deposited on the web at the beginning of each test is a 
constant, then, t^ depends only upon the velocity and tenperature of 
the drying air, t^ may be estimated graphically by extrapolating the 
linear portion of the drying curve to the point where it cuts the time 
axis. Figure 4.4. Values of, t^ were estimated for all drying curves 
in Figures 4.8 and 4.9.
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Based on the mass transfer theory described in Chapter 5 and on the 
thermodynamic properties of the ink system a computer program was 
written to predict t^. The development of this program and the 
comparison of predictions from it with experimentally determined 
values of t^ are described in Chapter 6, Section 6 .
4.6 The Critical Point
The drying curves of this chapter may also be examined to assess the 
effect of the physical variables on the critical point. Before making 
this assessment, the following two points should be noted,
i) A detailed discussion of the phenomenon of the critical point is 
inappropriate at this stage. Rather,this will come later, in 
Section 9.3, after the constant-rate period has been dealt with.
ii) It is difficult to locate by inspection of the smooth drying 
curve, the exact position of the critical point. This point is 
best located by constructing a rate of drying curve and this 
technique is used in Chapter 11.
In spite of what has been said, it is worthwhile to gauge, in a 
preliminary manner, the effect of the main experimental variables on 
the critical point. The ink solvent content at the critical point 
will be identified with the voltage ratio.
Vo
= Infragauge voltage at the critical point
= Infragauge voltage at time zero (estimated)
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a) Air Velocity
From Figure 4.8, it appears that the ratio (V^/v^) remains 
essentially unaffected by significant changes in the rate of 
drying brought about by variations in the velocity of .the drying 
air. From this figure it was estimated that
V = 2 . 7 5  volt = constant c
V = 1 7 . 8  volt = constant o
Vc 2.75 ^ ^—  = YT~Q ~ *154 = constant
o
b) Air Temperature
Similarly Figure 4.9, shows that (V^/V^) is unaffected by the 
changes in the rate of drying brough about by variations in the 
temperature of the drying air. From Figure 4.9 it was estimated 
that
V = 3 . 0  volt = constant c
V =18.6 volt = constant o
^c 3.0 ^——  = — —  = .16 = constant V xo • b O
c) Ink Thickness
The four Figures 4.6a - d, each exhibit the same characteristic.
On each figure, the critical points could be approximately located 
on straight line which passes through the origin of the co-ordinate 
system. Thus the ratio (V^/V^) is dependent upon the ink 
viscosity and is independent of the ink thickness.
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d) Ink Viscosity - Solvent Content
It follows from c) above that on each of the Figures 4.6a - d the
ratio (V /V ) is a constant. The value of these four constants c o
were estimated and are listed in Table 4.6.1 below for comparison 
with the non-volatile content of the ink. The percentage of non- 
volatiles were estimated from the constitution of the ink gel









4 .6a 50 50 35 27
4.6b 57 . 43 30 22
4 .6c 70 30 21 17
4.6d 77 23 16 13
It appears that the ratio (V^/V^) is related to the percentage of non- 
volatiles in the ink. However, whether it is the pigment alone, the 
resin alone or the sum of the two which is the influential variable is 
not clear.
Interim remarks on the critical point in this research
This preliminary analysis has indicated that the fraction of the 
applied solvent remaining at th.e critical point is largely a function of 
the percentage of non-volatiles in the ink. This fraction appears to 
be independent of the rate of drying and of the ink thickness. This
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behaviour was broadly typical, and was encountered throughout later 
test work.
One final point on this topic is worth making. Because the ratio 
(V^/V^) did not vary widely with drying rate, investigation of the 
behaviour of the critical was not taken up until a relatively late 
stage in the research. In fact the so called "preliminary analysis" 
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5. THEORY OF CONSTANT RATE PERIOD OF INK DRYING
5.1 Review of Previous Research
A number of investigators have attempted to categorise those physical 
properties which influence the relative evaporation rate of pure 
solvents and of solvent blends. Most of their research has been 
devoted to devising a convenient method of measuring the rate at 
which a solvent evaporates under standard conditions. The apparatus 
can then be used to determine comparative evaporation rates of 
different solvents.
The theory of the relative evaporation rate is an example of the
difficulty of obtaining agreement even on the mechanism of evaporation
If evaporation is regarded as a distillation process then, starting 
from the Langmuir-Knudson equation, which gives the number of 
molecules escaping from a surface, Reynolds (26), it can be shown 
that the evaporative mass flux, m, is given by
“ ^ 5.1.la
p = saturated vapour pressure of solvent at temperature T 
M = molecular weight of solvent
or m a p M 5.1.1b
Alternatively Gardner (27) regarded the rate of evaporation as limited 
by diffusion across a stagnant air film. Writing equation 3.E.2 in 
terms of partial vapour pressure, his equation for the rate of 
evaporation was
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m = C(D M p) 5.1.2
C = constant
D = diffusion coefficient of solvent
The controversy between these different viewpoints appears never to
have been resolved. Perhaps for evaporation in a closed laboratory 
vessel equation 5.1.1 is appropriate while for evaporation through a 
boundary layer equation 5.1.2 should be used. The present position is 
that most commentators on the ink drying process state that, in the 
early stages, the rate of drying is externally controlled. However, 
at the time when this research was started, there appeared to be little 
or no data on the drying of thin films under realistic air-flow 
conditions, with which to quantify these statements.
The starting point for experiments to determine evaporation rate is 
usually from a pool of pure solvent in an open pan. Although simple 
to perform, data from such experiments are frequently of doubtful 
validity. This is because controlled air conditions are extremely 
difficult to achieve and heat transfer from the apparatus to a 
relatively small sample will be significant. The quantity of solvent 
present,at a particular time is usually determined by weighing. It 
will be appreciated that if weighing is carried out in a standard 
laboratory cabinetjthen controlled and realistic air conditions are 
precluded.
A number of workers have attempted refinements of the simple weighing 
technique, usually by attempting to standardise the environment. A 
number of these are described by Billmeier and Ritterhausen (28). 
Possibly the most successful of these devices is the Shell Liquid Film
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Evaporometer (29) . This instrument produces a graphical record of 
solvent mass against time obtained by weighing solvent in a pan under 
standardised air flow conditions. By means of the Shell Evaporometer, 
ranges of solvents have been tested and their evaporation rates, 
relative to n-butyl acetate, are given in Ref. (29). Although this 
data is of great practical value the following reservations regarding 
it should be noted
a) The solvent is present under conditions which only approximate to 
those of the real film. Tysall (30) has drawn attention to the 
anomalies which can arise between measurements of evaporation rates 
from thin films, thick films and filter paper.
b) No variation in the standardised air conditions appears possible. 
All weighing techniques have the disadvantage that it would be 
extremely difficult to use them with impinging air jets.
c) Some statement on the magnitude of the heat conducted from the 
apparatus to the solvent is required. If the solvent receives a 
fraction of its enthalpy of evaporation by heat leakage from the 
apparatus, it will not attain the wet-bulb temperature. The 
cooling effects, produced by the evaporation of volatile solvents, 
are significant.
d) The instrument appears unsuitable for measurements in the falling 
rate period, because such measurements should, if possible, be 
performed on the actual paint film itself. Also to measure the 
extremely small changes in mass^a balance of extremely high 
accuracy is required.
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A difficulty encountered in this type of research into the evaporation 
of solvents, is that it is usually necessary to incorporate a 
secondary substance to act as a "film former". Such a substance 
should, if this is possible, be miscible with all solvents and be 
free from special retention effects shown by resins. In the constant-
rate period the effect of a dissolved solute is to modify the vapour 
pressure, and hence the evaporation rate, of the solvent. Because of 
the complexity of ink systems such effects are usually estimated 
empirically. The manner in which this was done for this research, for 
the constant-rate period, is described in Section 6 .6 . For the 
falling-rate region it seems essential to simulate the physical 
characteristics of the real material to be dried as closely as 
possible.
5.2 The Psychrometric Ratio
When a pure liquid evaporates from an inert solid, sufficiently slowly 
so that the secondary effects of Section 3.7 are negligible, then the 
dynamic energy balance is given by equation 3.S.3. Transforming from 
molar to mass units this energy balance may be written
h(T^ - T^) = kp(Pg - PG>hfg 5.2.1
k̂  = mass transfer coefficeint, kg/m^s 
p = mass concentration, kg/m^
hfg = enthalpy of evaporation, J/kg
This theory is identical with the theory of the wet-bulb thermometer 
and the surface temperature T^ is equal to the wet-bulb temperature.
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Rearrangement of equation 3.6,3 gives the value of the "wet bulb 
depression"
h/kp = psychrometric ratio C7Veyfc«l (i “T) p
Before the wet bulb depression and the evaporation rate can be 
evaluated the psychrometric ratio must be knovm. In the present 
research, surface heat flux meters have been used to measure the heat 
transfer coefficient h under impinging jets. Some of these results 
are reported in Hardisty (5). To develop a theory of constant-rate 
drying a value of k^ is required. This allows theoretical predictions 
of drying times which may then be compared with times measured from 
the IR drying curves. To predict k^ a suitable form of the heat-mass 
transfer analogy is required.
The analogy between momentum, heat and mass transfer in turbulent flow 
has been used by several investigators to analyse their psychrometric 
data. The analogy finds expression in various analytical forms, 
depending on the particular boundary layer model which is selected, 
and the particular assumptions which are made to integrate it. A
detailed review of the historical development of the important
analogies is given by Sherwood (31). Based on a 3-layer model of the
boundary layer von Karman (32) derived the following expression for
the heat transfer Stanton number, St
St^ = -----------------   — ----------------------------- 5.2,3
1 + 5/f /2 {Pr - 1 + In (^ ^ ^ )  >
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It can be seen that the effect of Prandtl number on the simple Reynolds 
analogy resides in the function of Prandtl number contained in the 
denominator on the r.h.s. The corresponding expression for the mass 
transfer Stanton number St^ is obtained by substituting the Schmidt 
number for the Prandtl number in the above expression. Lewis (33) has 
pointed out that, when either Prandtl number or Schmidt number differ 
appreciably from unity, the psychrometric ratio obtained by dividing 
equation 5.2.3 by its mass transfer analogue, depends upon Reynolds 
number.
Colburn (34.) suggested that in turbulent shear flow, the effect of 
Prandtl number on heat transfer could be simply expressed in the form
= St Pr^/3 = 0.023 Re“°;^ 5.2.4
2/3It can be seen that Pr is much simpler than the Prandtl number 
fuction appearing in equation 5.2.3. Equation 5.2.4 has been widely 
accepted. Chilton and Colburn (35) proposed that an analogous 
equation should hold for mass transfer
= St_ Sc^/3 = 0.023 Re"°'^ 5.2.5D M
There is less detailed confirmation of this equation. For example 
Gilliland (36) correlated his experimental data from wetted-wall 
towers by the equation
Sh = 0.023 Re^*®^ ScP'^G 5.2.6
Sherwood and Pigford (37) later pointed out that, because of the
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narrow range of Gillilands data, it could also be correlated by means 
of the Colburn analogy, equation 5.2.5.
A great deal of test data appears to confirm the close similarity 
between the processes of heat and mass transfer. This is true, even 
when the wider analogy with momentum transfer breaks down. This
usually occurs in separated flows, when fluid dynamic drag does not 
arise purely from surface friction.
The psychrometric ratio can be readily calculated from accurate wet 
and dry bulb data, but these results are strictly applicable only to 
other situations with similar geometry. The data of several 
investigators is critically examined by Bedingfield and Drew (38) who 
proposed that for various liquids evaporating into air
= 0.294 Sc°'5® 5.2.7a
>Sr
which may be transformed to
, / o 56
k- = P 5.2.7b
A later attempt to correlate experimental data on psychrometric ratio 
was carried out by Wilke and Wassan (39). It can be inferred from 
their graphs that the exponent of the Schmidt number lies in the range 
0.62 - 0.74. In almost all of the investigations reviewed in 
references (38) and (39), no appreciable variation of the psychrometric 
ratio with gas velocity was reported.
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For purposes of this research, it was decided to base the equation for 
the psychrometric ratio on the Chilton-Colburn analogy, equations
5.2.4 and 5.2.5. This appeared reasonable, bearing in mind both the 
degree of uncertainty in the published data and that the equation was 
to be applied to a new geometry. Also approximate calculations 
indicated the Schmidt number for the vapour to be not very different 
from unity (2.0 approx).
Assuming the Chilton-Colbum analogy to be applicable
-  ̂ a Sc _ kwhere Le = —  = ——  and a =D Pr pC
In terras of the stagnant film hypothesis, it follows that
ÿ  = Scl/3
For given values of concentration difference and Reynolds number, the 
proportionality between evaporative mass flux and diffusion 
coefficient D is
D D _2/3
“a  “ ^  = ^ 7 3  “ °M D
It should be noted that a consequence of the Chilton-Colburn analogy 
is that the wet-bulb depression is independent of air velocity 
(Reynolds number).
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5.3 Solvent Vapour Pressure
During constant rate drying, solvent evaporating from the free surface 
exerts the saturated vapour pressure corresponding to the liquid 
temperature. Solvent vapour pressures are relatively low, and 
consequently the saturated vapour concentration may be calculated from 
the ideal gas law
p M
5.3.1
p^ = saturated vapour pressure, N/m^
Tg = absolute temperature, K
= mass concentration of saturated vapour kg/m^ 
M = molecular weight of solvent
An equation relating p and T may be derived from thermodynamics as 
follows. In any phase change, involving a volume change Av and the 
corresponding entropy change AS, the Clapeyron equation must be 
satisfied
For the phase change from liquid to vapour (making the assumption that 
Av %^Vg) the Clausius-Clapeyron equation holds
^  ^  5.3.3dT T Vg
where hf^ = enthalpy of evaporation, J/kg
Vg = specific volume saturated vapour, m^/kg
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Substituting equation 5.3.1 into equation 5.3.3 (also using v = 1/p 
and h = M hf ) givesV 9
This equation may be integrated if it is assumed that Ah.̂  is a 
constant
Ah
in p = - + c 5.3.5
which may be expressed in the form
£ n p = A - ^  5.3.6




and ^  = 5.3.8dT ^2
Equation 5.3.6 is similar to the vapour pressure equation proposed by 
Antoine (1888)
in p = A - - ® ^ 5.3.9
where C is an.additional constant
Equations 5.3.6 and 5.3.9 are the desired equations relating vapour
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pressure and temperature. Before equation 5.3.6 can be used in the theory 
which follows it must be linearised.
Linearisation of equation 5.3.6
Let = datum temperature 
p^ = datum pressure
(A - B/T )from equation 5.3.6 p ^ = e  o 5.3.10
Let T = T + o
A - B/(T +0) p = e o
= e e o
-1using the binomial approximation (1 + x) 1 - x
p = p e BG/Tj! ■ 5.3.11
X Y  I'O B'£using the binomial approximation e ^isl + x ^
p = p^ (1 + b9) 5.3.12
where b = ^
T  ̂o




which is seen to be consistent with equation 5.3.8.
p
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5.4 Relative Evaporation Rate, m _
When comparing a variety of solvents it is useful to have some measure 
of their relative evaporation rates. For purposes of comparison it 
will be assumed that air, at atmospheric pressure, flows at a standard 
rate, and at a standard temperature T^, over a surface of fixed geometry. 
The solvent will evaporate at a constant rate, and the mass flux m^ 
from the surface may be obtained from equation 5.2.1
“c = kp(Ps - Po>
In the usual arrangement of wet-bulb thermometer, a large mass of air 
is directed normally across the thermometer bulbs. In this case, there 
is no recirculation of the drying air, and the humidity and temperature 
of the bulk air stream, remain constant and unaffected by the surface 
evaporation. This situation is consistent with the usual assumption in 
boundary layer theory, that for flow over an external surface, such as 
a flat plate, the free steam conditions remain constant. For such an 
external flow, it is the boundary layer which entrains ambient fluid, 
and the transferred quantity (heat, mass or momentum) is retained 
within the boundary layer. The stipulation that the free steam 
condition does not change in the stream wise direction is characteristic 
of external, developing boundary layer flows without recirculation.
It follows that in this research, where evaporation occurs within a 
wall boundary layer, the vapour concentration in the free stream, p^, 
may be taken as constant. In addition, because there was no arrange­
ment to recirculate air and because the absolute quantity of solvent 
evaporated during a test was small, p^ was assumed to be zero. With 
this condition equation 5.2.1 becomes
m = k p 5.4.1c p s
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It is worth noting in passing, that the remarks of the previous para­
graph, on the free-stream condition, do not apply to fully developed 
flows confined within a duct. Here, the heat or mass transferred from 
the duct wall produces an axial change of state of the bulk flow. The 
magnitude of this axial change may be determined by incorporating 
conservation equations into the theoretical model. Similar remarks 
apply when recirculation is employed.
The psychrometric ratio is obtained from equation 5.2.8
= C 5.4.2h 1
2/3 -1 where = (p a )
At the low vapour concentrations which pertain, the fluid properties 
required to evaluate may be assumed to be those of pure air and 
treated as constants.
Let Tg = surface temperature
0 = T - T = wet bulb depressiono s
T = T - 0 5.4.3s o
In practice 0 is usually small in comparison with the absolute 
temperature T^. This fact allows the analysis to be simplified at two 
points:-
i) Because 0 < < To
then T % T  s o
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Introducing this approximation into equation 5.3,1
P p M 5.4.4s 2 s
— 1where C„ = (R T )2 o
ii) The linearised form of the Antoine equation 5.3.12 can be used
p = p (1 - b0) 5.4.5s o
where p^ = saturated vapour concentration at standard temperature T^ 
Pg = saturated vapour concentration at surface temperature T^
Substituting equation 5.4.5 in equation 5.4.4
Pg = Cg p^ (1 - b0) M 5.4.6
The wet bulb depression is obtained from equation 5.2.2 with = O
k
0 = -f- p hf 5.4.7h s fg
and substituting equation 5.4.2 and 5.4.6 in equation 5.4.7
2/30 = D ' Cg (1 - b0) M hfg
Solving for 0
C r hf
8 = 1 + c b r hf 5.4.8
9
2/3where r = D p M o
c =
64
This expression for 0 can now be introduced into equation 5.4.6
b C r hf
^s ^ ^2 ^o ^ I + C b r hf ^
 ̂ ,.4.,1 + Cbr hf
Finally the evaporation rate can be obtained by substituting equations 
5.4.2 and 5.4.9 into 5.4.1
2/3h Cl D C2 M
lu =c 1 + Cbr hf
*" 1or putting F = (1 + Cbr hf^)
Since h and C are constant, then for comparative purposes the relative 
evaporation rate is proportional to the product of two factors
2/31) Primary evaporation index, r = D  p^ M 5.4.11
2) A correction factor, F = — — — ^ — -— - 5.4.1211 + Cbr nfgj
which lies in the range, O < F < 1
To test the above theory, predictions were made for a range of alcohols 
which included the research solvent, MIBC. The relevant properties of 
these solvents are listed in Table 5.1. The diffusion coefficient D, 
for solvent vapour through air, was calculated using the equation of 
Fuller et al equation 3.5.3. The constants in the Antoine equation were 
taken from Reid et al (40).
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Relative evaporation rates, both the primary value r from equation 
5.4.11 and the corrected value rF from equation 5.4.12, were 
calculated and are set out in Table 5.2. For comparison with these 
predictions of linear theory, two other sets of data are included.
First an iterative method was used to solve Antoine's equation to 
give exact values of rF and 0. Second, published results from the 
Shell Liquid Film Evaporometer (29) have been listed. To facilitate 
the comparison each set of data has been normalised.
5.5 Comments on the Theory of the Relative Evaporation Rate
a) Table 5.2 shows that there is reasonable agreement between values 
of rF calculated by linear theory and by the Antoine equation. It 
is apparent that for volatile solvents evaporative cooling is 
significant and cannot be neglected. However, even at the volatile 
end of the range, the theory provides useful physical insight into 
those factors which influence the relative evaporation rate. The 
agreement between the present theory and results from the Shell 
Evaporometer is less good. One explanation of this discrepancy is 
that, because of heat leakages, the full wet bulb depression is 
not achieved in the evaporometer.
b) A limiting case is worthy of consideration. Table 5.1 shows that 
b is roughly constant, and therefore from equation 5.3.13
(f ) “ Po
For solvents of low volatility, p^ and hf^ are small, and the wet- 
bulb depression 0 will approach zero. In the limit the correction 
factor F is unity, and for this case the equation for the relative
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evaporation rate reduces to
m = hCr 5.5.1c
c) Equation 5.4.10 shows m to be independent of hf and this willc g
always be true when dp/dT is zero. The explanation is that the 
enthalpy of evaporation does not enter directly into equation
5.4.1 for the rate of evaporation, but enters via equation 5.4.7 
for 0. The reduction in vapour pressure (p^ - p^) caused by 
evaporative cooling depends entirely upon the gradient of the 
vapour pressure curve dp/dT and when this is zero, p^ remains 
equal to p^.
d) —Eor-highly"vblatile^'Sblventf 0 becomes relatively large and the
use—of^ equation 5.4.5 leads to significant errors. For such cases 
the actual non-linear equations must be solved, and a computer 
program was written to do this. This program will be described 
later.
e) Because of the non-linearity of the equations, the relative 
evaporation rates of solvents will change with temperature. This 
effect is probably significant and merits investigation in the 
future.
f) The error introduced into the analysis by making the approximation 
for the Antoine Equation (see equation 5.3.11) shown below:-
B =_1
(A - T> T^2
p = e ?3Po e
has the following explanation.
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The exponent in Antoines equation arises from the difference of 
two quantities, A and B/T, which are of approximately equal 
magnitude. Any small error made when approximating the term ^  
will lead to a significant error after exponentiation.
A diagramatic representation of wet-bulb theory
For a particular solvent, the dynamic balance between the energy flux
q, to and from the evaporative surface, may be qualitatively illustrated
on the type of diagram shown in Figures 5.1, a - c.
Let q^ = heat flux from bulk air
q = energy flux in evaporated solvent M
At standard air flow conditions h and k^ are constants, and
this proportionality is represented by the straight line on Figure 
5.5.1. Assume that
this relation is represented by the expontial curve on Figure 5.1 
The point of intersection of these two curves
occurs when the surface takes on the wet-bulb temperature T .̂
The discrepancy due to linearisation of the Antoine equation is 
illustrated in Figure 5,1. It can be seen that both 0 and q will be
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underestimated by the linear theory, a trend which is confirmed by the 
data in Table 5.2.
This type of graph could prove useful in design to visualise the 
effects of changes in system variables. For example Figure 5.2 
illustrates the effect on the wet-bulb depression of changing solvents. 
Figure 5.3 shows the effect of increasing the heat and mass transfer 
coefficients in the same proportion, say by an increase in Reynolds 
number. The designer might take advantage of the consequent increase 
in dryer performance either to evaporate more solvent with the same 
air temperature (q increased) or to evaporate the same quantity of 
solvent with a decreased air temperature (q constant).
Figure 5.4 is offered as a quantitive demonstration of this graphical 
technique. It shows the effect on q and 0 of changing the air 
temperature while maintaining the air velocity constant. The data for 
this figure was obtained from Table 6.3
5.6 Theory of Constant-Rate Ink Drying
This section will be concerned with evaluating the effect of changes 
in air velocity and temperature on the rate of drying of a single 
solvent. The theory, which is based on the Chilton-Colburn analogy, 
is a development of that set out in Section 5.4.
Assuming fluid properties remain constant then the psychrometric ratio, 
equation 5.2.8 is itself a constant
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The constant rate at which solvent evaporates from unit area of surface, 
2kg/m s, may be determined from
m = 5.6.2C hfg .
The effect of air velocity, V
It can be seen from the equation for the wet-bulb depression
that when T^ is held constant, 0 also remains constant. Thus the rate 
of evaporation is a function of the heat transfer coefficient h which 
can be obtained from a heat transfer correlation of the form
Nu = Re^ Pr^/^
or h = C —  Re^ Pr^^^ 5.6.44 L
where and a are constants, and L is a characteristic length scale.
The effect of air temperature, T^
The effect of raising T^ is to raise T and p which will increase theA s s
evaporation rate. The change in T^ will be less than the change in T^ 
because 8 must also increase to transfer the extra energy required for 
evaporation. This effect is qualitatively similar to that illustrated 
in Figure 5.4. The theory which follows derives the functional 
relation between 0 and T^.
Let Tg = surface temperature
Pg = saturated vapour pressure at T^
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Treating the vapour as a perfect gas
Ps " Ps MPs = where = -
s s
and making the approximation that T^%:, T^
P s = S î J  5.6.5
using the linear relation between vapour pressure and temperature, 
equation 5.3.12
Pg = p^ (1 - b9) 5.6.6
where p^ = e 
b = —
A - B/T^
Let 6 = wet bulb depression corresponding to T^
* = i f  Ps %
C5 (1 - h8)
^3 ' 57
= 6' (1 - b8) 5.6.7a
where 6' = C3
M
6’ is the hypothetical value of 0 with Pg = ^ —
A
0 = f ' 0* 5.6.7b
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f' = correction factor = ---   5 .6.8
1 + b0'
V
F' lies in the range, O < F' < 1
Constant rate drying time t^
From equation 5.6.2
h 0 
"̂ c “ hf
substituting equations 5.6.4 and 5.6.7
C k Re^ Pr f' 0'
m = ---   5.6.9
c L hf
Let m^ = initial mass of solvent, kg/m^
m^ = constant drying (evaporation) rate, kg/m^ s
The hypothetical constant rate drying time t^ (see section 4.4) is 
defined by the equation
m
t = ——  5.6.10c mc
substituting equation 5.6.9 in 5.6.10
m L hf (1 + b0')
t = ---  j-   5.6.11
^ C . k Re^ Pr 0*4
c c hf e*
where e' = — — - — - f -------  5.6.12
b = 5.6.13
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Although approximate in nature, equation 5.6.11, demonstrates the 
manner in which.the physical variables affect the drying time t^. It 





% “  i
Equation 5.6.11 is also useful when a comparative estimate is required. 
Although apparently complex, when assessing changes for a single 
solvent, the constants and need be calculated only once. Then, 
for a particular value of T^, the value of 0 can be estimated on a 
pocket calculator without the need for iteration. To illustrate the 
method and to check its accuracy the calculation for the research 
solvent MIBC, is shown below.




= —  (-)
M “ 2C5 = I  = 1.234 10
C_ C h.p = 2.113 3 5 Eg
73
TABLE 5.3
\  (c) 20 40 60
Pa 287.6 1198 4206 .
b 0.0762 0 .0668 0.059
0 ' 2.074 8.09 26.69







From equations 5.3.4 and 5.3.7
dp ^ Bp 
dT ^2 5.6.14
Calculations show that because p rises exponentially with T, the 
magnitude of dp/dT increases with T. For reasons which have already 
been discussed in Section 5.5, the accuracy of predictions based on 
equation 5.6.7 will decrease as dp/dT increases. This trend is manifest 
in Table 5.3 above. Even so, an error of 30% in the largest value of 
0 , is probably acceptable in a first estimate.
In addition this linearised theory offers an approximate, but relatively 
quick method of modifying the relative evaporation rate for the effects 
of temperature changes.
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5.7 Computer Program for Constant-Rate Drying
Based on the theory developed in this chapter a computer program was 
written to predict the hypothetical constant-rate drying time t^ for 
various combinations of air temperature and air velocity. •In the 
program the approximations necessary for an analytic solution are 
avoided, the real non-linear equations being solved by iteration.
The first program will not be described at this point because its 
predictions, although qualitatively good, did not agree closely with 
experiment. It was apparent that the experimental technique was 
capable of further refinement, but more importantly^that the empirical 
data used as input to the program required detailed checking. An 
account of the work undertaken to reduce the discrepancy between theory 
and experiment^and a detailed description of the latest computer 
program is given in the next chapter.
5 .8 Application of Constant-Rate Theory to Dryer Design
The theory developed in this chapter applies equally whether the inked 
web is moving or stationary. The primary objective of the designer is 
to calculate the length of the dryer. Drying time and distance moved 
by the web are related by the definition of webspeed, u
u = ~  < 5.8.1dt
For a given web speed this equivalence can be used in two ways;
a) The total distance travelled by the web in its passage through 
the dryer can be divided into a large number of small discrete 
steps. The heat and mass transfer equations may be recast in
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finite difference form (see Section 6.7). These equations can 
then be used to predict transient changes of ink temperature and 
solvent content as the web encounters a variable drying environ­
ment in its passage through the dryer. A computer program to 
carry out this type of calculation for a single nozzle is given 
in Section 7.5.
b) It is probably sufficiently accurate to assume that, for an array 
of nozzles, the space averaged value of the heat transfer 
coefficient, h, can be used as a basis for dryer design. With 
this assumption the evaporation rate can be considered constant 
and the dryer length L evaluated from
L = u. t 5.8.2c
Accordingly, as a separate part of this research effort, a computer 
program was written to evaluate h for slot nozzles. The input to the 
program is the space wise distribution of heat transfer coefficient 
under a nozzle as a function of air velocity and nozzle geometry. This 
program is used as a sub-routine to the main program. Specifying 
Reynolds number, Z/B, nozzle pitch etc. to the sub-routine will cause 
it to respond with h, for use in the main program. The output from 
the main program is drying time, dryer length, number of nozzles, etc.
Such a program has been successfully developed. However, as the 
principal difference between this program and the program set out in 
Appendix 1, is the sub-routine for h, it was decided to include here 
neither the program nor the results from it.
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TABLE 5.1
Physical Property Data for a Range of Alcohols 
Properties evaluated at a temperature of 20 C.
Diffusion coefficient calculated using equation of Fuller- et al (16) 
Vapour pressure data from Reid et al (33).
VO CM ro1—1 <M CM CM f— 1
cn in VO 00 00 1— 1 1—1
Xi in in in in VO VO VO
O O O O O O o o
d d d d d d d d
kO
o1—4
LO VO 1—1 00 00 CM
0 VO CM cr> m 1—1 O O
> a CM ro CM in m 00 VO
Xi 1
< in CT» O 1—4 1—4 CM ro rom cn
tj
VO
'o f— 1 in . VO 1— 1 00 Otr> r4 O m VO 00 VO n' cy» CM4-1 r-H 00 VO VO in in in 'If
Xi Cn 1— 1 O d O d O d O
t)
U 00
o VO VO o m O 00CM VO 00 on in I— 1 in CM0 CM m "vf I—1 1—4 I—1 O OA  +J t—1 o o O o O O o(0
O o o O o O O o
A
CM
m  O 1— 1 in in CT» CTi cr> o1—1 VO 00 cr> cr> CM CM CM 1—ICM O 00 00 CM CM CM 00





r—\ 00 cn n ro cn CT\ CTin o O o CM
Q  W VO CM O O <yi cr>
\CM
a
r—i 1—1 r— 1 1—4 o O O O
n in 00 00 00 I—1
O O V O VO o o O r-4
s CM V O o d CMm "Vf VO VO r' OH
1—1 1— 1 1—1 W
r-4 • >i r—1 ■ >1 >1 Oo A >1 4-> -P 1—4
Xi 1— 1 0 A 0 P ro
0 1— 1 O A Xi -P <-4u X I >1 a k P u  ttrH 4-> Xi 0 u 0 Xi CO




II VD o ro O 00 LT) O
u






f :  0
CO Cl;
>—1 0> >7 -p in vo O
w -p 0  rH 1—1 CM CM 1—1 00 V f ro
0  -P
t l  0  II CM CM 1—1 t—1 O O O
1 ü
C  0
O o O O









00 ro O O
0 u







C 0 ro cy» ro r -
•H 0
W -P vo O cy> cy>




' f CM 1—1 cy» in uo O
U






0 VD 00 VO O 'Vf cy» CM
0 r~
-P m in O O 00 ro V f
O ro ro 'd* ro CM CM r—1 cy>
<
iH CT»
vo vo cr» 1—1 vo ro iH CD
k ro 1—1 O 00 ro 00
rH CM ro in IT) vo 00
d d d d d d d d
rH •
II cr» ro vo iH 'Vf V f r~- O
O







II 0 r - «Vf ro 00 •Vf 00 Vf O
0
P -p iH in in 00 00 rH
ü VÛ CM m •Vf ro rH rH
< CM r-4 iH
iH t—1 tü
H >1 iH >1 1—1 O
O C4 >1 0 >1 rH ro
0 1—( 0 (k 0 0 >i rH
0 rH P 0 0 0 0 fi
u >1 a P 0 0 U— •P 0 0 A u o 0 PQ CD
























error in 0 due to  
linéarisationSurface Energy 
F lux, q

















qH =hea t flux from air to surface = h (T/^ -Ts)  










































" b  ' x n j j  AGjau] eDDjjns
78
6. EXTERNALLY CONTROLLED DRYING I
EXPERIMENTAL REFINEMENTS LEADING TO COMPUTER PROGRAM
6.1 Introduction
The experimental technique and some early IR drying curves were 
described in Chapter 4 as background to the theory which followed. 
Numerical calculations showed that drying times predicted from theory 
appeared to be about 50% shorter than the experimental values. In an 
effort to locate, and if possible to eliminate this discrepancy, the 
theory, the experimental technique and the physical data were all 
subjected to critical appraisal.
These detailed checks showed that there was a calibration error in a 
commercial heat flux meter; also that refinements in the IR Technique 
were possible. This chapter begins with an account of this development 
work, which was spread over a period of approximately one year. Because 
different aspects of the work were being examined at the same time, the 
account is not in chronological order. By eliminating errors, the 
agreement between theory and experiment was significantly improved.
The degree of agreement which was achieved is demonstrated later in 
this chapter. It is worth remarking, that although refinements to it 
were made, the experimental technique remained essentially unchanged 
from that described in Chapter 4.
Once the validity of the research technique had been established, 
further drying tests were carried out to extend the range of the 
constant-rate experiments described in Section 4.5. Experimental 
values of the constant rate drying time t^ were compared with those 
predicted by means of a computer program. These comparisons showed 
that the agreement between theory and experimental was reasonably good.
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6.2 Vapour Pressure Data for MIBC (4 methyl pentan-2-ol)
In the early stages of this research little data could be found on the 
vapour pressure of 4 methyl pentan-2-ol. Initially, only two sources 
of data were located, Chatfield (41) and Durrans (42). These two 
sources agreed closely, only at one state point
2i) Temperature, 20 C: Vapour pressure, 2.2 mm Hg (293.3 N/m ).
However to evaluate the constants in equation 5.3.6
In p = A - B/T
the vapour pressure must be known at two temperatures. In the 
absence of further data, the chart method of Cox (43) was used to 
estimate the vapour pressure at a second point:-
2ii) Temperature, 127 C: Vapour pressure, 32,410 N/m .
Sometime later, when checking the entire method for inconsistances, 
a further search in the sparse literature was made and two further
references, Hovorka et al (44) and Monick (45) were found. Both
of these sources gave higher values of vapour pressure than those 
assumed above. This was unexpected as the adoption of these 
higher vapour pressures would make worse the discrepancy between 
theory and experiment.
While the literature search to locate reliable vapour pressure data was 
proceeding, it was decided to try and determine this information by 
experiment. To do this a standard Ramsay-Young apparatus was used, 
which was available in the University Chemistry Laboratory. The basis 
of this method, is that the solvent boils at a sub-atmospheric pressure
in an evacuated vessel. At the beginning of the experiment the
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pressure is lowered to its minimum value and solvent temperature and 
corresponding vapour pressure are noted. Vapour pressure and temper­
ature were recorded at five other points, as the pressure was allowed 
to rise from its lowest to its highest value.
At about the same time, the suppliers of the solvent. The Shell 
Company, were contacted. It was learned that Shell had in fact deter­
mined the properties of MIBC and that this information was contained in 
their Technical Data Sheet (46). Examination of this Data Sheet 
confirmed that the vapour pressure of 2.2 mm Hg at20C was correct, but 
indicated that the Cox chart method led to erroneous results. Shell's 
technical representative stated, that at such low vapour pressures, the 
presence of even small quantities of impurities, could lead to dis­
crepancies between published data from different sources. Traces of 
impurity could arise when, what was nominally the same solvent, was 
supplied by different manufacturers.
The vapour pressure data from all of the above sources, including the 
Ramsay-Young apparatus, is plotted in Figure 6.1. It can be seen that 
the experimental results from the Ramsay-Young apparatus are in good 
agreement with the technical data supplied by the Shell Company. In 
addition both these sets of data, agree with the 20 C point previously 
quoted from references (41) and (42). In view of these agreements, it 
was decided that the Shell Company's data could be used to calculate 
the constants in the Antoine equation. The following two state points, 
one at either end of the test range, were selected for this purpose.
2i) Temperature 20 C, Vapour pressure = 2.2 mm Hg (293.3 N/m )
2ii) Temperature 91 C, Vapour pressure = 165.5 mm Hg (22,059 N/m )
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From these two data points, the following vapour equation was derived
6544In p = 27.996 --- —  6.2.1
This equation is also shown in Figure 6.1 and it can be seen that it 
gives a good representation of the accepted data over the entire 
working range. Equation 6.2.1 was incorporated in the constant-rate 
computer program.
6 .3 Experimental Heat Transfer Coefficients
A theoretical analysis of the impingement region was not attempted 
because, at the small nozzle/plate distances used in practice, theories 
of turbulence were not well developed. Instead heat transfer coefficients 
were measured experimentally using small flux meters of the type 
originally invented by Gardon (47); shown diagrammatically in Figure 
6.2a. When positioned in a heated surface as shown in Figure 6.2b, the 
meter develops a small emf which is proportional to the heat flux from 
the cooled foil. For further details see Hardisty (5).
Considerable difficulties were experienced when attempts were made to 
manufacture Gardon meters in the University. Because of their small 
size and because the copper body acted as a heat sink it proved almost 
impossible to achieve a satisfactory weld between the constantan foil 
and the rim of the copper body. To circumvent this difficult problem 
a Gardon meter was purchased from a manufacturer (Medthern Corp.) in 
the USA, Figure 6.2c. Because this transducer was supplied with a 
calibration chart certified by the National Bureau of Standards this 
appeared to represent a considerable saving in effort. Later events 
were to show this optimism was misplaced.
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In the early stages of the heat transfer work, the Gardon probes were 
positioned in a thick aluminium plate which was heated by an electric 
resistance heater placed behind it. With this arrangement, the 
following method was used to calibrate the flux meters. Under steady- 
conditions, the measured power supplied to the heater E, allows the 
average value of the heat transfer coefficient h, to be calculated 
from
E = h A (Tg - T&) + Ql 6.3.1
2A = heated surface area, m
= surface temperature, C
= ambient air temperature, C 
= heat loss, W
The plate and meter were then traversed under the jet while the flux 
meter output was recorded on an X-Y recorder. Figure 6.3 shows the 
record of three tests carried out at a constant jet Reynolds number, 
but at three different surface temperatures. The average value of 
probe output during the traverse e may be determined from the average 
height of the curves in Figure 6.3. The meter calibration factor K 
then follows from
K = q/e W/m^ V 6.3.2
where q = average heat flux (E/A)
From the calibration certificate supplied with the proprietry flux 
meter
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1 mV = 6,320 w/m' 6.3.3
3 2or K = 6.32.10 w/m mV
When this meter was calibrated at Bath, almost as a formality, a value 
of K almost double the above figure was determined. The following 
test data, illustrates this discrepancy.
TABLE 6.1



















100 533.2 50.0 207 1.39 8823 117 1.77
60 307.2 16.8 266 .68 4341 124 2.15
50 169.2 20.0 192 .44 2793 112 1.71
average ratio = 1.88
A = 0.03108, m
T^ = 25, C
h = (E - 0^^/(Tg - T^)A
K = 6.32.10^ w/m^ mV
h' = q/(Tg - T^)
Faced with such a wide discrepancy in the value of K, it was vital to 
carry out a more accurate calibration. The electrical method of 
heating the heat transfer is convenient, but significant temperature 
differences occur in the aluminium plate during a traverse. To avoid
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this fault it was decided to build a new calibration apparatus in 
which the surface is heated by saturated steam. This apparatus and 
the method of calibration are described in Appendix 1. A number of 
careful calibration tests served to confirm the numerical .value of
1.8 for the ratio h/h of Table 6.1
Heat transfer data obtained at Bath for a single-slot-nozzle agree 
generally with the data of Gardon and Akfirat (48). This agreement 
is demonstrated in the comparative calculation carried out in Appendix 
1. Gardon and Akfirat's data is represented by the correlation
Nu = 1.2 (Z/B)"°'G2 6.3.4
where Nu = h B/k and Re„ = Bp/it o o E E   ̂/
2h^ = stagnation point heat transfer coefficient, w/m K
Vg = air velocity at nozzle outlet, m/s
B = width of slot nozzle, m 
Z = height of slot above surface, m.
Because, at the time, these doubts about the calibration had not been 
resolved, computer predictions for Hardsity (7) were based upon 
equation 6.3.4.
It is gratifying to note that Medtherm eventually confirmed the 
accuracy of the Bath calibration. Their explanation of the error in 
their certificate of calibration was that, without declaring it, they 
had changed the type of transducer from a Gardon to a "Schmidt-Boelter", 
Figure 6 .2d. Both transducers are externally identical. Factory 
calibration of the Schmidt-Boelter gauge had been carried out with the
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sensor absorbing heat. However in the Bath research the sensor is 
losing heat and this difference in the direction of the heat flux was 
the source of the error. The Medtherm Company agreed that it was 
necessary to correct their original value of K, equation 6.3.3, by 
multiplying it by a factor of 1 .8 .
It is also worth noting that, after a period of development work, a 
method of manufacturing Gardon Type flux meters in the University was 
successfully evolved. In the process of this work the probe was 
completely re-designed and the problem of welding the constanton foil 
to the copper body was successfully overcome. Miller and Godoy (49).
Lateral variation of heat transfer coefficient
It will be recalled that the IR measuring point is a distance of 10 cm 
from the centre line of the nozzle. Figure 4.3. The heat transfer 
coefficient at this point, h^, may be determined from a correlation 
such as equation 6.3.4 if the ratio h^/h^ is known. At first, by 
extrapolating Gardon's data, this ratio was estimated to be 1/5.
Later this ratio was measured experimentally and the results of a 
series of tests to do this are shown in Figure 6.4.
Two points are worth making about these experimental results. First,
tests have shown that the heat transfer distribution under a slot jet
depends upon the shape of the nozzle which produces the jet. The data
in Figure 6.4 was obtained from the actual slot nozzle used in the
drying tests. It can be seen from Figure 6.4 that the ratio V /VX o
(identical with h^/h^) is in reasonable agreement with the estimated 
value of 1/5 and this later value was retained in the computer program. 
Secondly, the stagnation point heat transfer data of Figure 6.4 is in 
good agreement (±2%) with equation 6.3.4.
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6 .4 Secondary Effects on Heat and Mass Transfer
The effect of mass transfer on the heat transfer coefficient was 
analysed in Section 3.8. Equation 3.8.8 expressed this effect in 




For the solvent vapour/air system
= 1,005 J/kg K
hfg = 427,000 J/kg K
Research has shown that the wet-bulb depression, 6, lies in the range 
2 - 13 C (see later computer results). Even with the extreme value of 
6(13 C)
R = 3.06.10 ^
And since for small values of R
ln(l + R):3 R
it is seen that y will have a value close to unity (0.985).
It is concluded that, for 4 methyl 2 pentanol in this research, the
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above effect on the heat transfer coefficient is within the margin of 
experimental error and can be neglected.
The following form of the mass transfer rate equation was used in the 
computer program (equation 3.6.4)
m = kp(pg - P̂ ) 6.4.2
2m = mass transfer flux, kg/m s
kp = mass transfer coefficient, m/s 
p = mass concentration"(density) kg/m^
To calculate the mass transfer coefficient from the empirically 
determined value of the heat transfer coefficient, the Chilton-Colburn 
analogy was used. This calculation will yield k°, the mass transfer 
coefficient in the absence of bulk flow (equation 5.2.7b)
(If)
Because equation 6.4.2 is applied to mass transfer across a boundary 
layer then the effect of bulk flow (see Section 3.8) must be allowed 
for. Starting from equation 3.8.3.
and noting that




then k = k? ”  6.4.4
PB
where p = atmos pressure
Pg = log mean pressure of air in boundary layer
By definition
P - p
Pg = — ^ ---— ---  6.4.5
For this research the solvent concentration at the outer edge of the 
boundary layer is zero and p^^ = p. Thus
pAl  ̂ ^Pg = ---- ;--- ;;--- \ 6.4.6
In (p - Pai )
p^^ = saturated vapour pressure at surface..
Finally substituting equation 6.4.4 into equation 6.4.3
k = h - E _  6.4.7
' Pb P -p
In the program equation 6.4.7 was used to calculate both k^ and the
psychrometric ratio h/kp.
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6 .5 Refinements in Experimental Technique
Infragauge response time
The early portion of the IR drying curve is unreal because the Infra­
gauge cannot respond quickly enough to a step change in solvent.
Figure 4.4. Because this is perhaps the least satisfactory aspect of 
the experimental technique an attempt was made to eradicate it. Tests 
to measure the time constant of the system soon showed that the delay 
was in the electronic integrating circuits within the Infragauge 
control unit. Discussions with the manufacturer confirmed that this 
was an inherent characteristic of these circuits and could not be 
eliminated. Minor electronic adjustments were made, before finally 
setting the overall time constant of the instrument to 1.1 second.
This was the lowest value which would permit stable operation.
The initial steeply rising part of the IR curve can be eliminated if 
the experimental technique is modified in the following ways. Before 
starting the time base on the X-Y recorder, printed web is fed 
continuously through the IR beam for a sufficient time for the Infra­
gauge output to rise to its maximum value. When this has been 
attained the web is brougH: to rest and simultaneously the time base 
of the recorder is started. Drying curves obtained by this modified 
technique are shown in Figure 6.5.
The results for band 1 (the thinnest ink film) show that the initial 
transient has been entirely eliminated and that the early portion of 
the drying curve is virtually a straight line. This is a valuable 
experimental demonstration of constant-rate drying. In spite of this 
success in band 1 this modified technique was not persevered with 
for the following reasons:-
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a) The web could not be stopped suddenly without the risk of 
jerking it.
b) Continuous running wastes materials.
c) It is only worthwhile on band 1. On the thicker bands of ink, 
the true maximum voltage is never registered because the 
sensitivity of the Infragauge is saturated (see Section 4.2). 
Tests were normally run on band 3 because this produced measur­
able drying times at practical values of air velocity and 
temperature.
During constant-rate drying the graph of ink solvent content against 





v^% = voltage proportional to solvent in IR beam 
V = Infragauge output voltage
Because the origin of the time delay resides in resistance and 
capacity of the electrical circuit, the response of the system is 
first order, and may be represented by the following differential 
equation
T = time constant
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When is a ramp function
V. = V - Kt 1 o
and after the initial transient
V = V. + AV and = -K. 1 dt
Substitution into the original differential equation gives 
Av = tK
The Infragauge voltage will lag behind the "true" voltage by one 
time constant. Accordingly, values of ^t^ estimated by extrapolating 
the IR curves, were reduced by one time constant (1.1 second) before 
comparing them with theoretical predictions.
Web Support
Originally, the plastic web rested on a thick aluminium plate which 
both provided support for the web and scattered radiation back to the 
IR detector. This arrangement can be criticised on the grounds that 
conduction of heat from plastic to aluminium is possible. To counter 
this criticism, the web was supported on a smooth wooden track. At 
the IR scanning point a shallow recess was cut across the track 
parallel to the slot nozzle and a reflector plate fitted flat to the 
bottom of it. Figure 4.3. With the web clear of the aluminium 
conduction from the under side of the web is largely eliminated.
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At this time, a closely fitting cover was fitted over the web to 
prevent solvent evaporation from the web on its transit from the 
printing press to the IR measuring point.
Adjustments of Infragauge
To eliminate direct reflection from ink to IR detector the Infragauge 
head is tilted at an angle of 20 degrees from the vertical. Figure 
4.3. It is difficult to maintain this angle exactly when, for 
instance, the head is moved to scan another ink band. Small changes 
in head angle in turn cause changes in instrumental gain. In spite 
of exercising care in lining up the head, it was not possible entirely 
to eliminate this source of discrepancy. In addition it proved 
difficult to detect changes in instrumental gain which occurred 
fortuitously over a period of time.
6.6 The Effect of Dissolved Resin on Drying Rate
The effect of a dissolved solute is to modify the vapour pressure, 
and hence the evaporation rate, of the solvent. In an ideal solution, 
which obeys Raoult's Law, the solvent vapour pressure is reduced in 
direct proportion to the mole fraction of the solute. Solvent evap­
oration from an ideal solution would be accompanied by a progressive 
lowering of solvent vapour pressure; the evaporation rate, although 
externally controlled, is then no longer constant, but diminishes 
with time. The drying curve is modified from the straight line 
characteristic of evaporation from a porous solid to that of a 
decaying exponential.
Inspection of the experimental drying curves (see band 1, Figure 6.5) 
showed that the behaviour characteristic of an ideal solution did not
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occur and that the early portions of these curves were almost 
straight. In fact when the solute is a high polymer, the above 
simple ideal behaviour should not be expected. In addition to non­
ideal effects, there are two further points which may influence the 
behaviour of the real solution:-
i) The resin may not be completely dissolved, but may be present 
as a swollen gel
ii) Because the molecular weight of the solvent is extremely large,
the mol fraction of the solvent will remain approximately
constant even though quite large changes of mass fraction take 
place.
In spite of discussions with the ink-maker, the supplier of the resin 
and academic colleagues, no definite explanation of the behaviour of
the real ink system has been arrived at. This point is discussed in
greater detail in Appendix 2. An associated point, also commented 
upon in Appendix 2, is the modification of the evaporation rate, 
caused by blending the solvent with other solvents.
Because of the complexity of its molecules, it is not possible to 
make theoretical predictions of the effect of the resin on the 
evaporation rate of the pure solvent. However the difference in 
drying rate between ink and pure solvent can be determined empirically 
as follows. A series of drying curves were first determined for pure 
solvent. Figure 6 .6 . When the "printing" of the pure solvent was 
first contemplated, it was though that the difficulty of wetting the 
plastic would prevent the application of a coating. However, these 
apprehensions proved to be ill-founded, when practical trials showed
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that pure solvent could be successfully printed. Figure 6.6 shows
drying curves for pure solvent, and it is clear that the early stage 
of drying does indeed take place at constant-rate.
Immediately following the runs on pure solvent, and for identical test 
conditions, drying curves were recorded for the research ink. Figure 
6.7. The constant-rate slopes from Figures 6.6 and 6.7 are compared 










20 0.82 .68 1.2
30 1.17 ■ .96 1.2
40 1.45 1.2 1.21
50 1.66 1.39 1.19
The data in Table 6.2 shows that pure solvent dries more quickly than 
ink by a factor of 1.2. Other similar comparisons have shown this 
factor to lie in the range 1.2 to 1.4 and an average value of it was 
taken as 1.3. Accordingly, in the computer program which is 
described in the next section, theoretical constant-rate drying times 
for pure solvent were divided by 1.3 to predict to ink drying times.
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6.7 Computer Program to Predict Time of Externally Controlled Drying
When freshly printed ink at ambient temperature is suddenly brought to 
rest in the drying environment of a wall jet, initially the temperature 
rises. The Biot number (Bi) may be calculated for the plastic sub­
strate from the following data
2h = 100 w/m C
-6L (thickness) = 25.10 m 
k = 0.2 w/m^ C
Bi = = J O O ^  . 0.0125
0.2.10®
It can be seen that with such thin films, the Biot number is low and 
consequently a lumped parameter analysis is permissible. A separate 
experimental investigation, Wheeler and Mulervy (50), has confirmed the 
validity of this reasoning. Thus a single temperature T^ is used to 
designate the ink/substrate system.
During a short time interval At, an energy balance may be written for 
unit surface area as follows
(At Z m C )
h(T^ - T3) = kp (p^ - p^) hfg + -  G-7-1
where, Z m C^ = heat capacity of plastic, ink and solvent, J/K 
subscript A refers to drying air
This equation is identical with equation 5.2.1 except for the intro­
duction of the last term to represent the initial transient. Equation
6.7.1 may be reformulated as a finite difference equation for AT .
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With the boundary condition, = O
Let Am = k p At 6.7.2P ®
Qh = h(T^ - Tg) At . 6.7.3
= Am hf 6.7.4
Q„ - On
P .
Using the theory and data presented in the earlier section of this 
Chapter, and based upon equations 6.7.1 - 5 above, a computer program 
was written to predict drying time. The flow chart for this program is 
shown in Figure 6.7 and the program itself is set out in Appendix 3.
For purposes of calculation the total drying time was split into two 
periods.
i) The initial adjustment period, t^
During this period the system temperature T^ changes from the 
ambient temperature T^, to the wet-bulb temperature T^^. The time 
taken up by this transient is the sum of a number of discrete 
time steps each one based on the finite difference equations 
6.7.2 - 5
t^ = Z At 6.7.6
The period ends when the change in system temperature AT^ is less
than a prescribed value (0.1 C).
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ii) The constant-rate period, t^
In this program, it is assumed that there is no falling-rate 
period. It is further assumed that the second period of drying 
continues at a constant rate until all of the solvent is evaporated. 
It should be noted that in practice the second period of drying 
would end at the critical point. Because it is a theoretical 
concept t^ is called the hypothetical constant-rate drying time.
A finite difference solution is not required in the second period as 
the system temperature remains constant at the wet-bulb value.
Let Z Am = solvent evaporated in first period 
m^ = initial solvent deposit
m^ = solvent evaporated in second period
m „ = m - Z A m ’ 6.7.62 o :
qg = h 0 6.7.8
6 is the wet-bulb depression which may be calculated from the known 
value of the psychrometric ratio
@2t = —  6.7.9
<ï2
The total drying time t is given by
t = t̂  4- t 6.7.101 c 1 c
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The hypothetical time, ^t^, is a measure of the drying period which is 
controlled by the condition of the external air. ^t^ may be estimated 
graphically from the experimental drying curves (see section 4.5) and 
compared with predictions from the computer program.
A typical matrix of outputs from the program is shown in Table 6.3. To 
illustrate the effects of air velocity and temperature, values of ^t^ 
from Table 6.3 are shown graphically in Figure 6.9.
6.8 IR Drying Curves - Comparison of Theory and Experiment
To provide a background for the description of the experimental method, 
an early series of drying curves was presented in Section 4.5. Drying 
curves from a later test series, to extend and complement the earlier 
research, are now presented. As far as possible, consistency of test 
method has been maintained between both series of tests.
Figure 6.10, shows the effect of changing the jet velocity V^, the jet 
temperature being maintained constant throughout. To complement the 
curves already presented in Figure 4.8, the air temperature at the IR 
measuring point T^ was raised to the maximum value consistent with safe 
operation of the inlet ducting and nozzle box.
Figure 6.11, shows the effect of changing the air temperature T^, while 
maintaining the air velocity constant. The air velocity of 60 m/s 
in this test was the maximum value attainable from the fan. These 
curves complement the curves already presented in Figure 4.9.
Experimental drying time, ^t^, taken from the drying curves are compared 
with values predicted by the computer program, in Table 6.4 below.
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TABLE 6.4
T^ = 25 C (constant) from Figure 4.8
Air Velocity, m/s 20 30 40 50 60 70
l^c
Experiment 31.0 22.7 17.3 15.1 13.2 12.5
Theory 23.1 18.3 15.5 14.2 12.4
Ratio Expt/Theory 1.34 1.24 1.12 1.06 1.06
T^ = 60 C (constant) from Figure 6.10
Air Velocity, m/s 20 30 40 50
2 4.9
l^c
Experiment 7.5 4.8 3.5 2.9
Theory 5.6 4.5 3.8 3.3
Ratio Expt/Theory 1.34 1.07 0.92 0.88
Vg = 30 m/s (constant) from Figur<
Air Temperature, C 25 30 35 40 45 50 55 60
l^c
Experiment 15.8 14.5 10.8 8.1 6.3 5.3 4.3 3.6
Theory 18.3 14.4 8.9 6.0 4.5
Ratio Expt/Theory .86 1.01 .91 .88 0.8
Vg = 60 m/s (constant) from Figure 6.11
Air Temperature, C 30 40 50 60
l^c
Experiment 10.2 6 .6 4.9 3.4
Theory 9.8 6 .0 4.1 3.0
Ratio Expt/Theory 1.04 1.1 1.2 1.13
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The data in Table 6.4 shows that the agreement between theory and 
experiment is quite reasonable. The average of the ratios in the table 
is 1.05. When considering this agreement the following points should 
be borne in mind:-
a) It is difficult, over a long period of time, to operate the 
gravure press so that it always deposits exactly the same quantity 
of ink on the web. Note for example the discrepancy between a 
value of ^t^ of 4.8 s obtained in one test for 60 C/30 m/s and a 
value of 3.6 s obtained in another test for 30 m/s/60 C.
b) The theoretical model used as a basis for calculation, represents 
a considerable simplication of the chemical and physical processes 
which actually take place.
c) Drying times of the order of 2 - 3 s probably represent the limit 
of accuracy of the. experimental technique.
After making allowances for these points, the disagreement between 
theory and experiment, shown up in Table 6.4, appears to lie within 
the expected range of theoretical and experimental error. Hence, 
although the data appears to indicate that experimental drying times- 
are longer than those predicted by theory, further tests are required 
to confirm the magnitude of this inconsistency.
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7. EXTERNALLY CONTROLLED DRYING II - FURTHER DEVELOPMENTS
7.1 Introduction
The IR drying curves presented in Chapters 4 and 6 represent,within the 
limitations of the research rig^a relatively complete investigation of 
the effect of changing air conditions on the drying characteristics of 
the single solvent research ink. In addition to this test series, 
other associated tests were carried out; for clarity these further 
results are reported separately in this chapter.
Accurate measurements of ink surfa.ce temperature provide a valuable 
check on theory, but such measurements are difficult to obtain. The 
background to these difficulties and the results of an attempt to 
measure plastic temperature by means of an IR thermometer are given in 
section 7.2
To relate the basic research of the earlier chapters more closely to 
industrial practice the IR method was extended in two aspects. First, 
tests were carried out on a faster, more volatile solvent, n-propanol. 
Second, measurements were made of the total quantity of solvent 
evaporated during the passage of the ink under the air jet.
7.2 Ink Temperature Measurement
The physical properties of the ink/plastic system, and the rates of the 
physical and chemical processes within the system, all depend upon the 
temperature attained during drying. Hence a knowledge of this temp­
erature would be extremely useful to both press designer and operator. 
Unfortunately, it is extremely difficult to measure the temperature of 
a thin, moving transparent film. In the packaging industry, attempts 
to measure web temperature have not met with success.
Industrial tests have been reported to the writer, in which small 
proprietry temperature indicators have been attached to the web. In 
principle these indicators respond to high temperature by changing, 
colour. In fact, tests carried out during the course of this research, 
have shown that, because of their relatively large thermal inertia and 
slow reaction rate, such indicators are unsuitable for this task.
An entirely different method of web temperature measurement was there­
fore tested by the writer. In this method an extremely thin strip of 
gold was deposited on the surface of the plastic (by vacuum evaporation) 
to act as a resistance thermometer. For research purposes, a section 
of plastic complete with gold strip was mounted on a small trolley.
Web movement was simulated by moving the trolley along rails and under 
a heated air jet. Experimental results were excellent, see Wheeler and 
Mullervy,(50) but the method suffers from a practical defect. The 
gold strips are fragile and must be connected by wires to a measuring 
system. Thus, the technique cannot, at present, be used on a practical 
printing press.
Next, the temperature of the web was measured by means of a radiation 
thermometer. Initially this method appeared attractive because it 
avoided those difficulties, outlined above, associated with contacting 
the web. To this end a number of commercial radiation thermometers 
were assessed and some proving trials were carried out. These 
investigations brought out the following points:-
i) Because of the extreme thinness and variability of the ink layer
it is necessary to measure the temperature of the plastic substrate 
Both ink and plastic are assumed to be at the same temperature 
(section 6.7).
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ii) In this application, temperatures in the range O - 60 C must be 
measured. At this relatively low temperature the intensity of 
IR radiation is low and a specialised instrument is required.
iii) For valid temperature measurement the radiation from the plastic 
film must be emitted wholly by the film itself.
iv) The plastic used in this research, polypropylene, is a selective 
emitter. Because of this and because of its thinness, the 
plastic can transmit radiation from hot bodies behind it or 
reflect radiation from hot bodies in front of it. This extraneous 
radiation can be picked up by the IR detector and so falsify the 
indicated temperature.
v) The difficulties of iv) can be avoided by using a thermometer 
which operates on a narrow spectral band. In this band the 
plastic should have an absorptivity of unity and consequently act 
as a black-body.
Following the above deliberations, trials were conducted on a commercial 
IR thermometer. This instrument was of the narrow band type centered 
on a wavelength of 3.43 ym; at this wavelength the absorptivity of the 
polypropylene substrate is unity. Even with such a specialised 
instrument success could not be guaranteed, as its range of operation 
started at a temperature of 30 C.
The experimental method used to record the temperature of the printed 
web was almost the same as the method already used to record IR drying 
curves and described in section 4.1. The principal difference was that 
the measuring head the Infragauge was removed and replaced by the 
measuring head of the IR thermometer. By connecting the electrical
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output of the IR thermometer to the X-Y plotter a temperature record 
was obtained from a stationary inked specimen during drying.
Figure 7.1 shows the results of five tests to assess the effect of 
different air temperatures on the temperature of the web during drying. 
To confirm repeatability two curves were recorded at each test condition, 
The curves all appear to exhibit a characteristic "arrest" at a low 
temperature, before rising up to the air temperature towards the end of 
the test. It is considered that this arrest corresponds to constant- 
rate drying. Although the records of transient temperature shown in 
Figure 7.1 lack precision, when allowances are made for the experimental 
difficulties, the tests may be considered successful. The transient 
curves have been used to estimate experimental values of the wet-bulb 
depression. For comparison with these experimental values, theoretical, 
predictions of the wet-bulb temperature have also been included in 
Figure 7.1. It can be seen that there is good agreement between 
experiment and theory. In view of the difficult nature of these 
temperature measurements, this degree of confirmation of the constant- 
rate theory of ink drying is probably as much as can be achieved by 
this approach.
Although the above tests were successful, they demonstrated that the 
temperature of a thin transparent film could only be successfully 
measured with very specialised and expensive equipment. Consequently 
this line of investigation was not pursued further at that time.
7.3 Tests on a More Volatile Solvent - n-Propanol
The original research ink, 4 methyl pentan-2-ol, had been selected 
because its relatively low volatility allowed sufficient time for its
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drying characteristics to be studied. Having gained experience with 
this slowly evaporating ink it was decided to apply the same experimental 
technique to n propanol a faster commercial solvent.
As before the ink supplier formulated a single solvent ink. A sample 
of this ink, as supplied, was weighed in a chemical balance, evaporated 
to dryness and then weighed again. By this means it was established 
that the ink contained 66% solvent by mass. To calculate the mass of 
ink deposited on the plastic by number 3 band of the gravure cylinder,
3 strips of dry printed plastic were cut from appropriate portions of 
the web. Each strip was weighed on a chemical balance, n-proponal was 
used to remove the ink, and the strips were weighed once again. The 




2 2iii) 3.8 gm/m Average dry ink deposit = 3.93 gm/m
Non-volatiles in ink = 100-66 = 34%
2Average ink deposit from gravure roller = 3.93/0.34 = 11.57 gm/m
Results of further drying tests on the n-propanol based ink are shown 
in Figures 7.2 and 7.3. Figure 7.2 shows the effect on the IR drying 
curves of changing the air velocity and Figure 7.3 shows the effect of 
changing air temperature. Because the ink now dryed at a faster rate, 
a slight modification was made to the experimental technique, to 
ameliorate the effect of the slow response time of the Infragauge. The 
printing press and the time base on the X-Y plotter were started
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simultaneously, and the press was kept running for about 10 seconds. 
This was sufficient time for the Infragauge signal from the wet, moving 
web to become roughly constant. After 10 seconds the press was stopped 
and a drying curve was then recorded from the stationary web. The 
effect of this modification in technique, was to remove the initial 
rising transient from the drying curve. The drying curve proper, was 
now preceded by a roughly horizontal trace.
From Figures 7.2 and 7.3, it can be seen that the IR curves for the n- 
proponal based ink exhibit two characteristic differences from the 
previous curves for 4 methyl 2 pentanol:-
2i) Although the initial ink deposit (gm/m ) is somewhat greater than 
previously, the voltage which the n-propanol based ink produces 
from the Infragauge, is smaller. Previously, with 4 methyl
2 pentanol, the virtual voltage at zero time was of the order 
of 20 volts; with n-propanol is reduced to roughly 13 volts. 
Changing the solvent has altered the calibration of the IR 
instrument.
ii) The fraction of the initial solvent deposit still remaining at the 
critical point has increased. Consequently, the IR drying curves 
show only the last portion of the constant-rate period. Thus 
estimation of the gradient of the curves in the constant rate 
region, and the extrapolation of this slope to obtain t^, has now 
become more difficult. In spite of this, it is considered that 
the estimates of t^ made from these curves are of an acceptable 
accuracy.
The computer program described in section 6.7 may be used to predict 
theoretical drying times for any solvent provided that appropriate
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physical property data is inserted. For n-propanol (Ĉ FIgO) the 
following data was obtained from Reid et al (40)
Molecular weight 
Specific gravity (liquid) 




= 2,453 J/kg C 
= 686,635 J/kg
Relation between saturated vapour pressure p and absolute temperature T:-
p = exp
There was insufficient time to carry out the necessary tests to deter­
mine, for n-propanol, the ratio of the drying rates of ink and pure 
solvent. In the absence of empirical data on this ratio, the value of
1.3 determined in the previous test series (section 6.6) was retained.
Using the above physical information, the input data to the computer 
program of Appendix 3 was suitably amended for n-propanol. Table 7.1 
shows, for gravure band No. 3, predicted drying times for various 
combinations of air velocity and temperature. These theoretical 
predictions are compared with the experimental drying times of Figures 
7.2 and 7.3 in Table 7.2 below
TABLE 7.2
Air Velocity, m/s 20 30 40 50 60
l^c
Experiment 8.9 6.3 5.4 4.5 4.0
Theory 8.4 6.6 5.6 4.9 4.5
Ratio Expt/Theory 1.06 0.95 0.96 0.92 0.89
T^ = 28 C (constant)
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Vg = 30 m/s (constant)
Air Temperature, C 30 . 40 50 60
l^c
Experiment 6.4 4.4 3.9 3.2
Theory 6.2 4.6 3.6 3.0 .
Ratio Expt/Theory 1.03 0.96 1.08 1.07
The comparison shows that the agreement between theory and experiment 
is reasonably good.
It is also possible to compare, for the same air conditions, the 
experimental drying times of n-propanol and 4 methyl pentan-2-ol:-
TABLE 7.3 
Air Velocity 30 m/s (constant)
Air Temperature, C 30 60
l^c
4 methyl pentan-2-ol 14.5 4.8
n propanol 6.3 3.0
Ratio of drying times 2.3 1.6
The ratio shovm in Table 7.3 are less than the value of 4.0 predicted 
by the Shell Evaporometer and shown in Table 5.2. The ratios are even 
less than the value of 3.0 predicted by evaporation rate theory in 
Table 5.2. This difference arises because the results in Table 5.2 
apply to an air temperature of 20 C.
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The Critical Point
Estimates of the position of the.critical point on the drying curve,
are more difficult to make for n-propanol than previously for 4 methyl
2 pentanol. This is because, for n propanol, the IR curves exhibit 
less of the constant-rate period. Nevertheless, it can be seen from
Figures 7.2 and 7.3 that the behaviour of the critical point is
similar to that previously described in Section 4.6. Changing the
rate of drying in the constant-rate region, by a factor of the order
of 2, appears not to have a corresponding effect on the position of
the critical point. The following approximate estimates were made from
Figures 7.2 and 7.3
V = 1 3  volt o
V =6.5 volt c
V
O
= virtual voltage at zero time 
= voltage at critical point.
The magnitude of (V^/V^) determined above, is larger, by a factor of 
approximately two, than previous values of this parameter for the ink 
based on 4 methyl 2 pentanol. This trend is, at least, in line with 
the suggestion made in section 4.6, that the value of V^/V^ is 
dependent upon the percentage of non-volatiles in the ink. However, 
since the non-volatiles have increased by only 50%, this explanation 
is a partial one. To test the theory further, a detailed analysis of 
the non-volatiles in the n-propanol based ink is required, and this is 
not available.
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7.4 Cumulative Drying Effect of a Single Nozzle - Experiments
When this research was originally planned, it was intended that drying 
effectiveness should be assessed by measuring the rate at which solvent 
is removed by the dryer during continuous, steady-state operation of 
the press. To achieve this objective the research rig was fitted with 
two IR measuring heads one placed before the dryer (air nozzle) and 
one after it. The intention was to calculate the rate at which solvent 
was evaporated by the dryer from the difference in the two IR signals. 
In fact, this intention was never persevered with. The preferred 
technique was to use a single IR head to record drying curves from a 
stationary specimen as described in Chapter 4. However, tests were 
carried out to extend the experimental method and to fulfil the 
original research objective.
Modified experimental technique
The IR measuring head was moved from its position before the nozzle 
and placed in a similar position after the nozzle. Figure 7.4. Thus 
the inked specimen now passed under the air jet before reaching the IR 
measuring station 10 cm beyond the nozzle centreline.
To obtain the results shown in Figures 7.5 to 7.7, the following change 
was made to the experimental technique. The time base on the X-Y 
plotter and the printing press were started simultaneously at a time 
of minus 10 s. Printing was continued for 10 s, sufficient time for 
the IR reading from the moving web to attain a quasi steady-state 
condition. After 10 s (time zero) the press was stopped, which led to 
the subsequent recording of a drying curve from a stationary specimen.
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Experimental results
Figure 7.5 shows the effect of increasing the air velocity at constant 
temperature. It can be seen that the increased heat transfer 
coefficient causes a progressive lowering of the solvent content at 
the IR measuring point, the wavy horizontal trace in the -7 s to O s 
region. It should be pointed out, that to ensure that the Infragauge 
operated within its linear range (see section 4.1) it was necessary to 
carry out these tests on gravure band No. 1 (the thinnest band). Thus 
the vertical distance of the horizontal wavy trace below the "air-off" 
trace is proportional to the total quantity of solvent evaporated by 
the nozzle. Figure 7.3 also shows drying curves from stationary 
specimens recorded after stopping the web. Except for a systematic 
lowering of their point of origin these curves are similar to those 
analysed in section 6.8.
Figure 7.6 shows the results of a similar series of tests to assess 
the effect of increasing the air temperature. Figure 7.8 shows the 
effect of increasing both air velocity and air temperature to their 
maximum values attainable on this rig. Because of the increased 
drying effect achieved, it was possible to carry out these tests on 
gravure band No. 3.
7.5 Cumulative Drying Effect of a Single Nozzle - Computer Program
To calculate the amount of solvent evaporated as an element of ink 
passes under the air jet at a speed of 0.3 m/s it was necessary to 
modify the program described previously in section 6.7 and set out in 
Appendix 3. The inked element travels a total distance of 20 cm, from 
a point 10 cm on one side of the nozzle centreline to a point 10 cm 
on the other side. For purposes of computation^this transit was
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modelled as a series of small discrete steps. At each step the energy 
balance equation, 6.7.5 was solved and the differential change of 
temperature was computed from equation 6.7.5.
The modified program is given in Appendix 4. In essence the modification 
consists of adjusting the value of the heat and mass transfer coefficients 
(h^ and k^) and the air tenperature T ^  to simulate the changing 
position of the web. The following ratios were obtained from experiment, 
at 10 cm from the nozzle centreline
h = heat transfer coefficient at nozzle centreline o
T, = air temperature at nozzle centreline Ao
Simple symmetrical, linear distributions of h^ and T^ were assumed, 
typically as shown in Figure 7.8. The actual equations of these 
distributions, are to be found on page 3 of the program in the section 
entitled "hxovho, ta change with x".
Figure 7.9 shows the transient variation of ink temperature first as 
the web passes under the nozzle and finally as the stationary web 
settles down to the equilibrium wet-bulb temperature. The data in 
Figure 7.9 is taken from a detailed computer print-out of the transient 
calculation. One section of this print-out for an air velocity of 
10 m/s is shown in Table 7.4. The manner in which h^ and T^ change 
with distance can also be seen from Table 7.4.
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For computational purposes the drying time is split into three sub- 
periods:-
tl = time to pass under air-jet (20 cm, 0.67 s) 
t2a = time subsequent to tl for the ink temperature fo adjust 
to the wet-bulb temperature 
t2 = time subsequent to t2a for the solvent content to fall to 
zero at constant drying rate
The computer output shown in Table 7.5 shows drying data for gravure 
band No. 1. It shows the effect on the above drying times of 
systematically varying both air velocity and air temperature. In the 
print-out
total = t2a + t2
In addition the fraction of the initial solvent deposit evaporated 
during the time period tl was calculated and designated "frac 1". 
Table 7.6 shows similar data calculated for gravure band No. 3.
In Table 7.7 below, values of frac 1 extracted from Tables 7.5 and 7.6 
are compared with values estimated from experiment.
TABLE 7.7
Gravure Band No 1 
T = 30 C (constant) from Figure 7.5
Air Velocity, m/s 20 30 40 50 60
frac 1
Experiment 0.12 0.15 0.22 0.26 0.36
Theory 0.138 0.197 0.252 0.306 0. 356
Ratio Expt/Theory 0. 78 0.76 0.87 0.85 1.01
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Vg = 20 m/s (constant) from Figure 7.6
Air Temperature, C 30 40 50 60 70
frac 1
Experiment 0.13 0.23 0.39 0.55 0.87
Theory 0.138 0.212 0.32 0.47 0.67
Ratio Expt/Theory 0.94 1.08 1.22 1.17 1.3
Gravure Band No 3
From Figure 7.7 (estimated value of = 11.0 volt)
Air Velocity, m/s 20 30 40 50 60 60 60 60
Air Temperature, C 25 25 25 25 25 30 40 60
frac 1
Experiment 0.05 0.13 0.16 0.25 0.32 0.43 0.58 0.86
Theory 0.06 0.09 0.11 0.13 0.15 0.19 .525 0.78
Ratio Expt/Theory 0.84 1.0 1.45 1.9 2.1 2. 3 1.1 1.1
In assessing the data in Table 7.7 two points should be borne in mind. 
First, the temperature distribution used in the program is a crude 
appoximation and could be refined. Second, it is difficult to estimate 
V^, the IR voltage for no air flow, because at that point the Infragauge 
may be outside the linear operating range. Bearing these two points in 
mind the agreement between experiment and computer prediction is 
encouraging. It is believed that the large discrepancies of the Band 
3 data arise from errors in estimating voltages at zero time.
A further comparison of experiment with theory is possible. In Figures
7.5 - 7.7, the portions of the drying curves which lie beyond zero time
may be extrapolated forward to yield the hypothetical drying time ^t^.
It can be seen that values of ,t obtained in this matter agree reasonable1 c
well with values of the "total" time in Tables 7.5 and 7.6.
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8. FALLING-RATE INK DRYING - DIFFUSION IN POLYMERS
8.1 Introduction
The experiments described in previous chapters have confirmed that 
when the drying is externally controlled, the rate of ink-drying is 
largely unaffected by the nature of the non-volatile constituents of 
the ink. This is no longer the case in the falling-rate period of 
drying. In this period, the solvent molecules must pass through the 
solidifying layer of non-volatiles and it is the resistance to this 
movement which controls the drying rate. Results from the present 
research are consistent with the premise that solvent is transferred 
through the residual ink film, by diffusion.
The writer has made some effort to relate tliis ink-drying research to 
generally accepted drying theory, eg. Keey (51), but this objective 
has proved difficult to attain. The reason for this is that drying 
theory is largely concerned with the transfer of water by capillary 
action through relatively large porous bodies. The fundamental 
difference in the transfer process upon which normal drying theory is 
based has prevented its detailed use in this research. However the 
theory has provided both a conceptual framework and some useful 
concepts.
To provide insight into the solvent-in-poly:::er diffusion process, 
attention was turned to research being actively pursued in the field 
of plastics technology. This research is authoratatively reviewed in 
the monograph edited by Crank and Park (52) , Surprisingly perhaps, 
relevant research in the field of paint techjiology appeared to be less 
useful, in that it was more empirical in nature. This may have been 
because the more basic research was not readily accessible to an engineer,
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In a review article, Park (53) has stressed the fundamental role of 
molecular transport for plastics technology,
"Transport of low molecular weight materials through polymer 
layers is important in every stage of surface coating. Thus the 
rate of drying of a paint film is controlled almost entirely by 
the rate of migration of solvent to the surface, while the 
protective action of the coating results mainly from its action 
as a barrier to the transport of water, oxygen and other 
agressive materials"
The various theories of molecular migration through polymers described 
in Crank and Park (52), Park (53), Rogers (54) etc., are all based on 
diffusion as the transport mechanism.
To gain insight into the solvent diffusion process it is necessary to 
study the physics and chemistry of the ink at the molecular level. 
Liquids and materials such as plastics and rubbers have similar 
physical structures, in that they consist of random arrangements of 
closely packed molecules. According to Rogers (54), "Solubility and 
transport in amorphous elastomers appear to be quite similar to the 
corresponding processes in low molecular weight liquids". For this 
reason, and because initially the ink is in the liquid state, the 
review of relevant diffusion theory set out in this chapter, begins 
by briefly describing diffusion in liquids.
The diffusion of solvents through polymers is first described 
qualitatively. The research referred to above has shown that 
diffusion through plastics can be explained in terms of the "Free- 
volume Theory". Ths theory is used here to obtain relations which
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express the manner in which the diffusion coefficient changes with 
solvent concentration and temperature. These expressions are then 
available for incorporation into a theoretical solution of the 
diffusion equation which is developed later in Chapters 9 and 10.
Later still these theoretical predictions are compared with 
experimental data in Chapter 11.
A word of caution must be inserted at thip point. Diffusion of an 
organic solvent through a high polymer is an extremely complicated 
physico/chemical process. Because of this, it is not possible in 
practice, to deduce equations to predict numerical values of the 
diffusion coefficient for a particular solvent/polymer system. Nor, 
in general, are these values available from empirical measurements.
The more general aspects of drying theory are taken up again in 
Chapter 11, where they are used in an attempt to correlate experiment­
al drying curves in the falling rate region.
8.2 General Description of Diffusion Within the Ink Layer
Within homogeneous mixture such as solutions and gels, matter transfer 
takes place by diffusion. In this research, the ink consisted of a 
finely ground pigment uniformly distributed through a solution of a 
resin in a solvent. Thus the capillary porous model upon which a 
great deal of drying theory is based, was inappropriate. Instead the 
following simple homogeneous model of the ink layer is proposed. The 
pigment particles are inert and impervious to solvent; therefore they 
are considered as a separate phase and excluded from consideration. 
Similarly, measurements have shown the polypropylene substrate to be 
impervious to solvent penetration, and this may be excluded from the
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model. The resin is a high molecular weight polymer, through which 
the solvent, of relatively low molecular weight, is transferred by 
diffusion. In the falling-rate region, the rate of drying is limited 
by the rate at which solvent can diffuse through the polymer to the 
free surface.
In practice, during the initial period of drying the mixture consists 
largely of solvent. The above model is assumed to apply to this 
period, with the diffusion coefficient having a suitably large value. 
As the limiting case of pure solvent is approached, the value of the 
diffusion coefficient should approach that of the self-diffusion 
coefficient of pure solvent. It should be borne in mind, however, 
that this early period has already been treated under constant-rate 
drying.
8.3 Review of Research into "Retained Solvents" in Paint Films
It is characteristic of diffusion controlled drying processes that the 
drying rate diminishes exponentially with time. In ink drying this 
undesirable characteristic is exercerbated, because, research has 
shown, that solvent-in-polymer diffusion coefficients are markedly 
concentration dependent. In such conditions, the last vestiges of 
solvent are usually extremely difficult to remove from the so-called 
"dry" ink layer.
Solvent retained by coatings can cause a variety of practical problems, 
Nunn and Newman (55). Solvent release is a major factor in deter­
mining the maximum film thickness that can be laid down in a single 
application. A slow rate of solvent release may require an excess­
ively long time before, the applied coat achieves the desired degree
119
of hardness and water resistance. In the food-packaging industry, 
to avoid problems of odour or taint, it is common practice to
specify that only quite minute quantities of solvent remain in the
ink after drying. It is worth noting that the usual method of increasing
the drying rate by increasing the air jet velocity will have no
effect in this situation. It can be seen that the problem of
retained solvents is an important industrial problem.
The problem of retained solvent has received the attention of a 
number of workers in the paint industry, but until comparatively 
recently the controlling factors remained unresolved. For example it 
was thought that a "strong" solvent for a polymer would be preferent­
ially retained by that polymer. The volatility of the solvent and 
hydrogen bonding are two other factors which were thought to 
influence solvent retention.
In a systematic series of experiments Hansen (56 ) measured drying 
rates and solvent retention, and estimated diffusion coefficients for 
selected solvents and polymers. The only consistent conclusion from 
the data was that solvent retention was caused by a low solvent 
diffusion coefficient. Hansen also demonstrated that solvent diffusion 
coefficients were primarily dependent on molecular geometry. None of 
the factors suggested in the previous paragraph appeared to affect the 
value of the diffusion coefficient. In reporting his theoretical 
investigations, Hansen (57) stated that solvent loss during the 
falling-rate period of lacquer drying is controlled by solvent-in- 
polymer diffusion coefficients. In these investigations he used a 
diffusion coefficient which was exponentially dependent upon solvent 
concentration (see equation 8.4.9). Nunn and Newman (58) report, that
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the results of their retention experiments can be explained on the 
basis that, in the falling-rate period the rate of solvent release 
is diffusion controlled.
8.4 Diffusion in Liquids 
General
Because of the dense packing of liquid molecules and the force fields 
which exists between them, diffusion coefficients of liquids are 
numerically smaller than for low pressure gases. Also in contrast to 
gases, diffusion coefficients in liquids often show a marked variation 
with concentration. The theory of the liquid state has not yet been 
developed to a level where fundamental molecular data can be used with 
confidence to predict values of the transport properties.
To establish some fundamental definitions and relationships, this 
review of diffusion begins with a physical treatment of particle 
transport.
Movement of a particle in a field of force
Consider the movement of charged particles (ions) in a fluid, under 
the action of an electrical field of strength E. Each particle 
experiences a force F' given by
F' = Z e E 8.4.1
Z = number of electrical charges on ion 
e = charge oh an electron
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The particles are accelerated to a steady drift velocity v, at which 
point the applied force F' is equal and opposite to the drag force.
The mobility of an ion, ra, is defined as its drift speed in a field of 
unit strength
ra = ^  8.4.2
mF'using equation 8.4.1 v = 8.4.3
Assuming that the particle is sufficiently large for the surrounding 
medium to be treated as a continuum then Stokes ' s Law applies
F' = 6ïïr̂ uî  8.4.4
r = radius of particle
/A = viscosity of fluid
Stoke*s Law then yields an equation for the mobility
m = 8.4.5
Thermodynamic basis of diffusion
Diffusion is a spontaneous movement of particles to reduce the concen­
tration gradient and to produce equilibrium. Thermodynamics teaches, 
Atkins (59), that a system may undergo a spontaneous change of state 
only if the net result of this change is to bring about a reduction in 
the chemical potential of the system. The amount of work required to 
move 1 mole of material against a gradient of chemical potential is
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dW = ~  dy 8.4.6
y - chemical potential, J/mol 
W = work, J/mol.
From mechanics the analgous equation for work done is
dW = -F dy 8.4.7
F = force, N/mol
Comparison of equations 8.2.6 and 8.2.7 shows that the gradient of the 
potential plays the role of a force
F = - 8.4.8dy
The thermodynamics of diffusion is set out rigorously by Tyrell (60).
The chemical potential y of the solute in an ideal solution is defined 
by
y = y° + RT In X 8.4.9
y° = chemical potential in the standard state, J/mol 
X = mol fraction of solute
Equation 8.4.9, when substituted into equation 8.4.8, gives the force 
on a molecule
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c = concentration of solute, mol/m^
k = Boltzmann's constant = R/L = 1.38.10 J molecule/K 
L = Avogadro's number, molecules/mol
The drift velocity v may be interpreted as a flux of molecules
J' = V c L 8.4.11
2J' = molecular flux, molecules/m s
Pick’s Law may also be written to express the flux of molecules
dcJ' = - D L ^  8.4.12dy
Equating equations 8.4.11 and 8.4.12 and also using equation 8.2.10
v = - -  | ^ = D ^  8.4.13c dy kT
The friction coefficients f' and f
Some of the previous equations may be written in terms of a molecular 
friction coefficient f ', which is defined as the force required to 
maintain a particle at unity velocity
f • = —  8.4.14V
From equations 8.3 and 8.13
f ' = ^  = hZ a ^  8.4.15m D LD
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The molar friction factor f is defined by the equation
f = L f ' 8.4.16
The intrinsic mobility m^ is the reciprocal of f
Hydrodynamic equations for the diffusion coefficient
Equations 8.4.3 and 8.4.13 are both expressions for the drift velocity 
and may therefore be equated to yield the Einstein relation
D = ^  = —  = m RT 8.4.18Ze I
Substituting for the mobility obtained from Stoke's Law, equation 
8.4.4, yields the Stokes/Einstein equation
kTD = 8.4.196ïïrri
Both these expressions are hydrodynamic in character, in that they are 
based on the assumption of a large particle moving through a continuum. 
Thus they are suitable for large isolated particles diffusing in a 
dilute solution.
If the Stokes/Einstein relation remains valid for molecules of equal 
size, then it may be used to predict the self-diffusion coefficient of 
a pure liquid, D^. For molecules arranged in a close packed cubic 




The activity satisfies the following definition 
a = yx 
a = activity
Y = activity coefficient (unity for ideal solutions)
For non-ideal solutions the chemical potential may be written in terms 
of the activity
y = + RT In a 8.4.21
Using the drift velocity v to express a molar flux J
J = VC
Obtaining v from equation 8.4.13 and using equation 8.4.8
substitution gives
In the real solution the diffusion coefficient is defined by Fick's 
Law
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comparing equations 8.4.22 and 8.4.23
= V  l l l H r  8.4.24
The diffusivity is sometimes called either the activity corrected 
diffusion coefficient or the thermodynamic diffusion coefficient. It 
is often less sensitive to changes in composition than D^.
8.5 Diffusion in Polymer Membranes - Physical Description 
General
Transport of low molecular weight substances through polymer (plastic 
or rubber) membranes has been extensively studied because of the 
industrial importance of polymers as barriers. This research has 
shown that the degree of interaction between penetrant and polymer 
varies markedly and that this interaction affects the diffusion 
coefficient. It is helpful to classify low molecular weight penetrants 
into three groups
a) Permanent gases
Because of their low solubility, permanent gases interact little 
with the polymer and hence their diffusion coefficients are not 
markedly dependent upon concentration.
b) Liquids and vapours
Compared with simple gases, liquids and vapours have both higher 
molecular weights and higher solubility. Consequently their 




It appears that water constitutes a unique solvent because of the 
molecular interactions which arise from hydrogen bonding.
Further discussion will be limited to the subject of diffusion of 
solvents in polymers.
Solubility and Permeability
Experimental research on diffusion in polymers is frequently concerned 
with the problem of steady (or unsteady) absorption (or desorption) of 
a solvent by a membrane. According to Kishimoto (62), when a pressure 
difference causes permeation through a polymer film, the condensed 
penetrant dissolves at one surface of the film, diffuses through the 
barrier, and evaporates from the other surface at the low pressure 
side.
Consider unit area of polymer film of thickness,H- The equilibrium 
concentrations of penetrant in the surface layers C^ and Cg are related 
to the partial vapour pressures p^ and p^ by the solubility relation
C = S p 8.5.1
s = solubility coefficient
When Henry's Law is obeyed s is a constant
The flux of pentrant J through the film may be written
-P (p - p.)
J = --------  —  8.5.2
H
P = permeability constant 
H = film thickness
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Before equation 8.5.2 can be used to determine the diffusion 
coefficient D solubility data must be known. For the case when 
Henry's is obeyed and D is constant, then
P = D S 8.5.3
Molecular description of diffusion
The microscopic movements of the polymer molecules constituting the 
membrane,profoundly influence the rate of diffusion. Macromolecules 
are built up from monomer units, or segments, into a chain-like 
structure. In amorphous polymers, the type used in this research, 
the polymer chains are intermingled in a tangled, disorderly manner. 
Intuitively it can be seen that the ease with which a pentrant 
molecule can migrate through such a structure will depend upon the 
amount of free space available within the tangled chains. Also, the 
ability of the chain to flex in response to random thermal fluctuations 
and so redistribute the free volume, will influence the ease of 
migration. A tightly packed, highly ordered and inflexible molecular 
structure is associated with low penetrant diffusivity.
In a random arrangement of molecules, migration of an individual 
molecule is prevented by the cage of molecules which surround it.
Random thermal motions rearrange the positions of molecules and 
"holes" in the cage are continuously being created and destroyed. 
Provided the hole is of sufficient size and the molecule has 
sufficient energy to occupy it,diffusive transport will take place.
The amount of energy required to form a hole will be proportional to 
the size of the hole. Thus, consequent upon Boltzmann's Law, the 
number of holes should decrease exponentially with their size. This 
migratory movement of particles is regarded by some investigators as
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a sequence of jumps; during each jump the particle passes over a 
potential barrier separating one position from the next, Rogers (54).
The relation of free volume to the glass transition temperature
The physical properties of amorphous polymers change significantly 
over a small range of temperature termed the glass transition temp­
erature T̂  . Below Tg ,the polymer is a hard, brittle and glassy 
substance,while above T^ it is a soft, pliable and rubbery material. 
In particular it is found that the rate of increase of specific 
volume with temperature is much greater above T^ than below it. This 
phenomenon has the following explanation. Below T^ polymer chain 
molecules are immobilised and thermal movements are restricted to 
vibrations about an equilibrium position. Above T^ the expansion of 
the polymer chain is sufficient to permit motions of chain segments.
At a particular temperature, the free volume within a polymer v^ may, 
in principle, be defined as follows:-
V  _ =  V  -  V  8.5.3f o
V = specific volume of system
v^ = volume occupied by molecules
The fractional free volume f is defined as
v_ (v - v_)
f = — - = ------ —  8.5.4
''o o
A rigorous operational definition of free volume presents difficulties, 
but conceptually it is related to the hole concept in the theory of
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liquids. The total free volume is the sum of two sub-volumes :-
i) The intersticial volume within the-chains themselves. Segmental 
motion causes a redistribution of this volume. A relatively 
greater proportion of free volume is associated with chain ends.
ii) The holes and vacancies between chains.
It has been suggested by Kummins and Kwei (63) that, at temperatures 
above T^, the diffusion rate of organic vapour in a polymer is 
primarily controlled by the mobility of the polymer segmental units.
In turn, this segmental mobility is a function of the free volume of 
the system.
8.6 Free Volume Theory of Diffusion of Organic Rentrants in Polymers 
Introduction
Experimental researches show that when a penetrant is a good solvent 
for the polymer, the diffusion coefficient of the system is usually 
markedly dependent upon concentration level. Various explanations of 
this dependency have been advanced. For example equation 8.4.24 shows 
the thermodynamic diffusion coefficient D^ to be a product of D ^  and 
a term d(ln c)/d(ln a) which describes the non-ideality of the 
solution. It appears that this correction for non-ideality is seldom 
of sufficient magnitude to account for the observed concentration 
dependency of the diffusion coefficient, Fujita (64).
According to Rogers (54) good solvents swell and plasticize the 
polymer structure leading to increased mobility of both polymer 
segments and penetrant molecules. Solvents or plasticizers (a low 
molecular weight substance added to a polymer to soften it) separate
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the polymer chains and so decrease the cohesive interactions between 
them.
Although there is agreement that hole formation is required before a 
diffusion jump can occur, there are two principal theories of hole 
formation. In the first, the formation of an hole requires an 
activation energy; only those processes which possess the activation 
energy are permitted. In the second, the free volume theory, the 
total free volume within the polymer structure may be redistributed 
according to probability theory. Because it is successful and 
increasingly used, and because it offers an elegantly simple 
physical model of transport processes, a brief account of free 
volume theory will be given.
Unfortunately, despite a detailed literature search, telephone 
discussions with the manufacturer of the resin and a visit to a 
leading researcher in this field, it proved to be not possible to 
use free volume theory to deduce quantitative equations for the 
diffusion coefficient. However the theory does form a basis for the 
semi-empirical equations for the concentration dependency of the 
diffusion coefficient.
Free Volume Theory
Doolittle (65) appears to have been the first to propose that the 
free volume concept could be used, on an empirical basis, to correlate 
viscosity data of oil. Various theoretical treatments have stemmed 
from this proposal. The free volume theory of Fujita (64) is widely 
used, and it is this version which is briefly outlined here. The 
starting point is the demonstration by Cohen and Turnbull (66) that, 
for a liquid composed of identical molecules, the probability P of
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*finding a free volume exceeding a given value v is
*
P = exp (- ) 8.6.1
V = average free volume of one molecule 
b = numerical factor of order unity
Fujita assumes that equation 8.t-l may be applied to polymer/diluent
*mixtures and that the product b v may be written B and interpreted 
as a measure of hole size.
P = exp (- Y  ) 8.6.2
f = average fractional free volume of system (equation 8.5.4)
The mobility of a diluent (solvent) molecule should be proportional 
to the probability that this molecule finds in its vicinity a hole 
large enough to permit a diffusion jump. Let B correspond to the 
minimum value of B which will permit this jump
m^ = A exp (- B/f) 8.6.3
m^ = intrinsic mobility
A = proportionality factor (largely dependent upon size and shape of 
penetrant molecule)
Using the relation between D and m^, equation 8.4.17, yields
D = RTA exp (- B/f) 8.6.4
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D is the diffusion coefficient relative to a fixed polymer network.
From equation 8.6.4. it is immediately apparent that D will decrease 
with increasing size of diffusant. Equation 8.6.4 will be used to 
deduce the effect on D of changes both in diluent concentration and 
in temperature.
Concentration dependence of D
Experiments show that the addition of a low molecular weight solvent 
increases polymer segmental mobility. This is manifest as an 
increased mobility of solvent molecules. This can be explained in 
the basis that, because of their small size, the addition of solvent 
molecules to a polymer increases the average free volume of the 
system.
Assume that the fractional free volume in the system increases 
linearly with solvent volume fraction V
f = (1 - V ) f + V  f = f + B V  8.6.5s o  s s o s
f^ = average fractional free volume of pure polymer at T^
f = average fractional free volume of pure solvent at T s o
8 = fs - f*
The introduction of equations 8.6.5 into equation 8.6.4 gives
D = RTA exp (- - — -  ) 8.6.6
o s
which, after some manipulation, yields
B B V
In (d /d ) = —  ---------  8.6.7
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is the value of D extrapolated to zero penetrant concentration, 
At low concentrations equation 8.6.6 reduces to
B $ V
In (D/D^) = --- —  8.6.8
^O
In many cases these equations represent the experimental data quite 
well; indeed at low concentrations the data is usally correlated by 
exponential formulae of the form
D = D exp (C V ) 8.6.9o s
where C is a constant.
It is perhaps worth noting that equation 8.6.8 is similar in form to 
the equation proposed by Doolittle (65) to correlate viscosity data 
of oil. Indeed the whole point of dissolving the polymer in a
solvent is to lower the viscosity so that the mixture can be printed.
Glass transition temperature
The glass-transition temperature T^ marks the onset of segmental 
mobility for a polymer. In a mixture of two substances of different 
Tg,each should contribute to the free volume of the system in proport­
ion to the amount of each substance present. Thus T^ for a mixture
of solvent and polymer should be the weighted average of the T^ of the
components, Rodriguez (67). The addition of a solvent to a polymer 
lowers the glass transition temperature because the smaller solvent 
molecules have proportionately more free volume associated with their 
free ends. Machin and Rogers (59) discuss various theoretical 
attempts to quantify this effect.
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Temperature dependence of D
Because of thermal expansion, the fractional free volume f is expected 
to increase with temperature in the following manner
f - f = Aa(T - T ) 8.6.109 9
f = fractional free volume of pure polymer at T
f = fractional free volume of pure polymer at T g g
Aa = the difference in thermal expansion coefficient of pure polymer 
above and below T
Introducing equation 8.6.10 into equation 8.6.4 gives
D = RTA exp f- ----------------- \ 8.6.11(- (f + Aa(T - T )) 9 g
which, after some manipulation, yields
B aA(T - T ) 
In (D/D ) = ^
where D is the value of D at T 9 g
It has been found that, over a restricted range, experimental data 
can frequently be correlated by plotting In D against 1/T. This has 
lead to the view that diffusion may be regarded as a thermally 
activated process with the relation between D and T expressed by an 
equation of the Arrhenius type
D = D^ exp (- E/RT)
where D^ and E are constants for a particular polymer. E may be
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regarded as an activation energy for hole formation. The theory of 
Fujita can be used to deduce equations for the activation energy, 
Machin and Rogers (68) .
Restriction on free-volume theory
The free volume theory of Fujita strictly applies at temperatures 
above the glass transition temperature, and there are two main 
reasons for this. First, it can be agreed that the free volume is 
zero at T^. Second, below T^, lattice relaxation times may be longer 
than molecular migration times and consequently free volume cannot 
be re-distributed. However later developments, such as Machin and 




9. FALLING RATE DRYING - THE DIFFUSION EQUATION
9.1 Introduction
The evidence presented in the previous chapter indicated that in the 
later stages, the rate at which an ink film dries is governed by the 
rate of diffusion of solvent to the surface. This evidence also showed 
that, in practical situations, the diffusion coefficient is concentrat­
ion dependent. Incorporation of a concentration dependent diffusion 
coefficient into the diffusion equation renders this equation non­
linear and consequently increases the difficulty of solution.
In this chapter analytic solutions of the diffusion equation with a 
constant diffusion coefficient are presented to clarify dimensionless 
variables and boundary conditions. It is demonstrated that the 
exponential form of the concentration dependency of the diffusion 
coefficient allows a transformation of the equations which simplifies 
subsequent numerical analysis. Finally the transfored equations are 
converted into finite-difference form preparatory to their incorporat­
ion in a computer program in Chapter 10.
9.2 The Diffusion Equation
The general differential equation of mass transfer expresses conservat­
ion of substance for a control volume of differential extent. Using a 
cartesian co-ordinate system, the diffusive, transfer of component A in 





For the x-direction, the net rate of transfer of component A into the 
control volume is
g
— —  (N dydz) 
3x
and similar expressions may be written for the y and z directions. In 
the absence of chemical reactions, the rate of accumulation of A 
within the control volume is
dxdydz
Hence, conservation of mass gives immediately
Na x  ̂ N^y the rectangular components of the mass flux vector
N^. Expressing by means of equation 3.3.2 and for conciseness 
adopting vector notation
3°aV . x ^ N - V . c D ^ V x ^  + ^ =  0 9.2.2
Equation 9.2.2 is the general form of the binary diffusion equation.
Particular forms of the general diffusion equation are valid for 
important special cases. For example for stationary systems where the 
overall concentration may be considered constant, then
and for one-dimensional diffusion in cartesian co-ordinates.
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3 3c 3c
3̂  (CAB inr ) = inr 9.2.4
If the diffusion coefficient is constant
3 3c^
“a B . 2 ” 5t 9.2.53x^
Equation 9.2.5 is sometimes referred to as Fick's Second Law or simply 
as the diffusion equation. In the above equations the concentration 
c has been expressed in molar units, but it is apparent that equations 
9.2.4 and 9.2.5 remain valid irrespective of the units of c. Later, 
when these equations are converted into dimensionless form, the symbol 
C will be used to express the dimensionless concentration.
Equation 9.2.4 is the starting point of the computer program.
9.3 Classical Solutions when the Diffusion Coefficient is Constant
The authoratative monograph by Crank (69) constitutes an invaluable 
compendium of solutions of the diffusion equation, from which the classical 
equations of this section have been drawn. It is easy to see by 
differentiation that
c = exp (- x^/Dt) 9.3.1
t
where A is an arbitrary constant, is a solution of the diffusion 
equation (equation 9.2.5). The constant A may be evaluated for the 
case of a mass m deposited at time t = O in the plane x = O, to give
c = ---—— r Gxp (- x^/4Dt) 9.3.2
2(TTDt)
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The principle of superpostion, can then be used to build up solutions
for more complex situations by infinite sums of the elemental solution, 
equation 9.3.2. These integrals are conveniently expressed in terms 
of the error function (a standard mathematical function written erf Z) 
and the dimensionless variable x//ot. This type of solution is most 
suitable for evaluation at small times. In a finite medium, this is 
equivalent to limiting its use to the early stages of diffusion when 
penetration is localised and the body can, for practical purposes, be 
treated either as an infinite or semi-infinite medium.
Alternatively the diffusion equation can be solved by the method of
separation of the variables to yield solutions in the form of
trigonometrical series. Of interest for drying is the case of
diffusion from a plane slab of thickness 2L in which the diffusing
substance is initially at a uniform concentration c and at zero timeo
the surface concentrations are reduced to a constant value of c^.
For this case the solution is
" ■ = 1  ” exp I - D(2„ + 1)2 x2t/4L2] cos '2n + 1)"% 9.3.3c - ĉ  ir 2n + 1 2Lo 1 n=o
n takes on the values 1, 2, 3
If m denotes the total amount of diffusing substance remaining in the 
sheet at time t and m^ the amount initially present, then
—  =  —  Z -------------r— — exp [- D(2n + 1)^ w^t/4L^l 9.3.4
“o " n=o (2n + 1)2*2
The above trigonometrical series converges satisfactorily for moderate 
and large times. The dimensionless concentration profile is conveniently
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expressed in terms of
x/L, a dimensionless length scale 
2Dt/L , a dimensionless time scale
The analogy between the diffusion equation and the heat conduction 
equation should be pointed out. It follows therefore that a solution 
of one is, after making the appropriate change of notation, a solution 
of the other.
An equation equivalent to equation 9.3.3 was used by Sherwood (3) in 
his pioneering researches into drying. Sherwood assumed that the 
constant-rate period ended when the surface concentration fell either 
to zero or an equilibrium value, and that equation 9.3.3 then applied 
to the subsequent falling-rate period. This surface boundary 
condition is equivalent to the assumption that the surface mass 
transfer coefficient is infinite; an assumption that was criticised 
by Newman (65).
Surface boundary condition
When evaporation takes place from the surface, it is often assumed. 
Crank (69, p. 36), that the following boundary condition holds
“(If) = “ ''=s - 9-3 5-
s
a = constant of proprtionality
c = concentration in the surface s
c^ = concentration in equilibrium with the vapour pressure in the 
drying air remote from the surface.
142
Equation 9.3.5 is analagous to Newton's Law of Cooling in convective 
heat transfer, but it should be noted that 9.3.5 is not compatible 
with a constant drying rate.
In an endeavour to make his solution of the diffusion equation 
relevant to the conditions of falling rate drying, Newman (70) 
incorporated the boundary condition of equation 9.3.5. Newman inte­
grated his solution to evaluate the free liquid concentration c at any 
time and presented his results as tables of the dependent variable E, 
defined as
c - ĉ
E = ------   9.3.6C - C to 1
The constant-rate period
At zero time, it may be assumed that the concentration has the
uniform value c^ throughout the slab. When constant-rate drying has
been established, the concentration profiles within the solid must
take on an equilibrium shape. The effect of a constant-rate of
surface evaporation will be to lower the concentration profile but
9cnot to change its shape. Under such conditions —  will be a constant.0 t
Hence the diffusion equation reduces to
d^c— — = constant 9.3.7
dx
Thus the concentration profile is a parabola which satisfies the 
equation
c - c , _. 2m (x - L) _ 9.3.8
c - c _ 2m s  L
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where
c = maximum concentration at centre of slab m
c = concentration at distance x from one surface 
L = half thickness of slab
The surface gradients at z = O and x = 2L are
(i). ■ i
The critical point
The critical point marks the end of constant-rate drying. It occurs 
when liquid can no longer reach the free surface at a sufficient rate 
to maintain the surface vapour pressure at its equilibrium, saturated 
value. Keey (51) gives an empirical definition, which locates the 
critical point at the discontinuity on the drying rate curve, see 
Figure 11.1. The average moisture content of the solid at this point 
is then defined as the critical moisture content.
Gilliland and Sherwood (71) proposed that the critical point occurred 
when the surface moisture concentration reached either zero or the 
equilibrium value. This explanation has been widely accepted in the 
theory of hygroscopic drying (51). This criterion, together with the 
parabolic concentration profile of equation 9.3.8, entails that the 
critical moisture content will be dependent upon the drying rate.
This may be demonstrated as follows. Starting with equation 9.3.9
V d x L  2 D U t /= ^  ( ~  1 9.3.10
dm/dt is the constant drying rate
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The average moisture concentration at the critical point, c^, may be 
obtained by integration. Using equation 9.3.8 and putting c^ = O
It would appear from the above that the critical moisture content 
is directly proportional to the drying rate during the constant-rate 
period of drying.
In opposition to the above theory, Broughton (72) presented experiment­
al evidence to show that in some cases the surface concentration at 
the critical point (c^)^ was greater than zero. It has already been 
pointed out in section 4.6 that evidence from IR drying curves is not 
consistent with equation 9.4.10. This point is discussed further in 
Chapter 11.
The falling-rate period
Sherwood (3) has suggested that there are two periods of falling-rate 
drying. In the first, dry patches appear on the surface, but constant- 
rate drying continues unabated from the remaining wetted area. The 
total surface area covered by dry patches increases linearly with 
time; consequently the drying rate diminishes linearly with time.
The second period of falling-rate drying begins when the surface is 
entirely dry.
9.4 Diffusion in Ink Drying - The Exponentially Varying Diffusion 
Coefficient_____________________________________________________
The solutions of the diffusion equation based on a constant diffusion 
coefficient provide valuable insight into the nature of the problem 
and indicate the appropriate dirnensionless variables. However, it
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was argued in Chapter 8 that to be relevant to ink drying the solution 
should incorporate a diffusion coefficient which is exponentially 
dependent on concentration (equation 8.6.9). Of course incorporation 
of a concentration dependent diffusion coefficient renders the diffusion 
equation non-linear and makes it difficult to solve by analytical 
methods.
The monograph by Crank (69) contains a number of purely analytical 
solutions of the diffusion equation. However the adaption of such 
solutions to practical problems may present difficulties for the 
following reasons:-
a) For the most part the solutions are restricted to a constant 
diffusion coefficient.
b) The solutions are restricted to a particular geometry and to a 
particular boundary condition.
c) The effort involved in the numerical evaluation of an analytic 
solution is usually by no means trivial.
Because the details of the ink-drying process were unknown at the out­
set of this research, it was essential to keep the theoretical 
solution as flexible as possible. For this reason, and because of the 
difficulties mentioned above, a numerical solution of the diffusion 
equation was preferred over an analytic solution for this research.
Because of mathematical difficulties, the early drying researchers 
used simple models of the drying process. Recently and in particular 
for the permeation of water through a porous medium, quite complex 
computer models have been proposed. In particular, for high intensity
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drying of porous slabs, it is no longer necessary to assume that the 
plane of evaporation remains on the surface. When the rate of evap­
oration becomes sufficiently intense the plane of evaporation will 
recede into the material and may sweep through it, Keey (51). The 
movement of the evaporative surface, and the incorporation of internal 
vapour diffusion to the free surface, adds further complexity to the 
model and to its solution.
Taking into account, the extreme thinness of the ink film during the 
falling-rate period (band 3, thickness 2 - 4 ym), it appeared doubt­
ful if it could sustain the internal gradients required by the 
receding plane, (see (51) p. 170). Other considerations reinforced 
this view. In his early research, Sherwood (3) suggested that 
receding plane evaporation probably occurred only in porous solids and 
not in colloid like materials. In addition in the present research, 
the rate of evaporation did not appear to be intense; for example the 
maximum air temperature was 70 C. Finally, although it was aimed to 
make the computer program reasonably general, the complexity of 
incorporating in it a receding plane of evaporation did not appear to 
be justified.
Tb summarise, the numerical model proposed for computer solution 
incorporated an exponentially dependent diffusion coefficient with 
evaporation taking place at the free surface.
147
9.5 Transformation Of The Equations By Means Of The S-Variable 
Dirnensionless Form
When the diffusion coefficient depends upon concentration, the 
relevant form of the diffusion equation is 9.2.4. Rewriting and for 
convenience omitting subscripts
9.5.1
For a general solution, it is usual to express this equation in non- 
dimensional foirm. The classical solutions of the previous section 
suggest the following dimensionless variables
the introduction of these into equation 9.5.1 yields
9x (”* i) = i 9.5.2
An Alternative Variable S
Hansen (56) has drawn attention to the proposal by Crank (69, p. 207) 
to transform equation 9.5.2 into a form which facilitates numerical 
solution. Crank points out that although both D* and 9C/9x vary 
separately, the variation of their product D* 9C/9x may be smaller in 
magnitude. Based on this, he has suggested that the convergence of a 
numerical iterative method may be improved by the introduction of a 
new variable S, defined by
D* dC
S = — ------- 9.5.3
D* dC
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Equation 8.6.9 may be expressed non-dimensionally
D* = exp (KC) 9.5.4
where K is a constant.
Let D* = maximum value of D*, occurs when C = 1
K = In D* 9.5.5




_ 1S =    9.5.6
e% - 1
or alternatively
C = ^  ln[s (e^ - 1) + l] 9.5.7
It can be seen that when equation 9.5.4 holds, S is a pure function of 
C. Also that
0 ^ C < 1  O ^ S ^ l
and that when is constant, S = C,
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For convenience let
1 1 KZ = / D* dC = —  (e - 1) = constant 9.5.8o ^
It is easy to show that
as ^ D* 
a C Z
Transformation of the diffusion equation to S-form
Rewriting equation 9.5.2
h (°* I?) = H
l.h.s
r.h.s
9x \ 9x7 9x V 9x / 9x2
9 C  ^  ^
9T ~ D* 9T
9.5.9
giving finally
The Boundary Condition at the Surface
It will be assumed for the present that the surface boundary condition 
can be represented by an equation similar to 9.3.5
»(i) = k (c^ - c^) 9.5.11s
k = mass transfer coefficient
Cg = solvent concentration in the surface
^1 = solvent concentration in drying air remote from surface
150
Making the further assumption that is zero, equation 9.5.11 may be 
transformed to non-dimensional form
9.5.12
' s o
The dimensionless group (kL/D^) is a program parameter which has a 
form similar to that of the Biot number (Bi = hL/k) which arises in 
problems of convective heating or cooling. It will be denoted by the 
symbol Big. For any single program run Big is assigned a constant 
value. The value of the parameter Big, and the boundary condition 
above, have considerable physical significance for matching theoretical 
to experimental drying processes. This point is discussed in detail 
in the next chapter.
The boundary condition must now be transformed into S-form. Using the 
subscript zero to denote the surface where X = 1
from
from equation 9.5.7 “ k  t- ^i^®^ - D  + l]
Introducing these transformations into equation 9.5.12, gives
(
which is the transformed boundary condition at the surface. It is 
non-linear.
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The Boundary Condition at the Substrate
Tests have indicated that the plastic substrate, to which the ink is 
applied, is essentially impervious to solvent penetration. Thus the 
following boundary condition must be satisfied
° ( i ) 9.5.14
Using the S-variable, and using the subscript L to denote the substrate 
boundary where X = L, the transformed boundary condition is
( i ) - o
9.5.15
Modified Variation of D* with C
The above mathematical development was used as the basis of the 
numerical analysis. It has been presented because it allows a 
straightforward demonstration of the transformation of the diffusion 
equation and boundary conditions to S-form. However a later, more 
detailed, analysis of both theoretical and experimental results 
suggested a possible improvement. Results appeared to show, that 
during the early period of drying the value of the diffusion 
coefficient would be fairly high and could be considered to be approx­
imately constant. A reasonable hypothesis is that D* starts to fall, 
only when the concentration falls below some characteristic value C^. 
The actual value of C^ is to be selected to achieve agreement with 
experimental data. For example it may be appropriate to identify C^ 












With this modified variation of D*, the integrals in equation 9.5.3 
which defines the transformation variable S, must now be carried out 
in two steps, as shown below.
The S-Transformation for the Modified Variation of D* with C 
First-Stage C 1.0
D* = Dg* = Dj* = constant
dC
S =
/ D* dC o
S  * C/ D* dC + D^* /cg dC







= D^* - 1 - K Dj* = constant
A^ = [̂ Dj* “ 1 + K D^* (1 - C^)] = constant
convective boundary condition, equation 9.5.12
= Biz C,
which may be transformed to
(il-s D* 2
Second-Stage O ^ C ^ C
D* =
Bi A
— - (S - ) 9.5.19
S A,
D* dC e^^ dC
D* dC D* dC + D * dC ̂ Ce
D* - 1S = —  --  9.5.20
&2
C = ^  In (SA +1) 9.5.21
A^ is a constant defined above.
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onvective boundary condition, equation 9.5.12
(H) =D* I —  1 = Big Cgs
which may be transformed to
(i) = ^ (S A + 1) 9.5.22s ""2 ® ^
It is straightforward to show that both equation 9.5.17 and 9.5.20 can 
be differented to yield a relation of the form
3S D*
9C constant
This relation is identical in form to the previous equation 9.5.9.
Thus the transformation of the diffusion equation to S-form is 
unaffected by the modified variation of D* with C, and equation 9.5.10 
remains valid.
9.6 The Finite-Difference Equations
An implicit finite-difference method (of the type originally proposed 
by Crank and Nicolson) was adopted. An implicit method was chosen to 
avoid the stability problems inherent in explicit methods when the 
time-step criterion is exceeded. Crank (69, p. 210) proposed the 
finite-difference form of equation 9.5.10 as
= V.j+1 V.j / _ 2s + s
6t 4 gx^ \J^+l,i+l i,i+l i-l,j+l
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The subscript notation is used to refer to a general value, S. . onIf if
a grid within the X-T region. Details of this grid are shown in 
Figure 9.1; the subscripts of S-values at grid points adjacent to 
S. . and used in equation 9.6.1, are also shown.1 f ] f
The diffusion equation is a partial differential equation of the type 
classified as "parabolic", and as such, its solution has a character­
istic form. Prior to calculation, the initial values of S(at T = O) 
must be specified together with the boundary values of S for all T.
The finite-difference solution then evolves in a manner which is some­
times characterised as "marching forward in time". For example, using 
the known values of S at time T = 0(j =0) a set of equations 9.6.1 
can be written which implicitly contains the unknown S-values at the 
time 6t .(j = 1) known values of S along the row are referred to as
"present" values while values of S along the (j + 1)^^ row are called 
"future" values. The set of implicit equations is next solved for the 
future values of S (when D* is constant the set of linear equations 
can be solved by standard methods of elimination). A time-step is 
complete when the set of equations has been solved.
At the beginning of the next time-step, future S-values from the 
previous step become present S-values. The above procedure is 
repeated, the solution marches forward in time, filling in one row of 
the open-ended X-T space at each step.
The surface boundary condition
To obtain greater accuracy it is usual to represent the boundary point 
by a central difference formula, Smith (73). To do this, it is 
necessary to introduce the fictitious S-value at the external mesh 
point j = O (see Figure 9.1). Starting from equation 9.5.13, with the
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subscript 1 denoting the free surface
/|SN
(2% _ 1)
In [ (e^ - 1) + l] 9.6.2
then representing the derivative in finite-difference form
=2,i - =o,i ®^2
2ÔX (e^ - 1)
In j (e - 1) -h 1^
which given an equation for the fictitious point
S , = S„ ,    In^S^ j (e*̂  - 1) + ll 9.6.30.3 2,j (gK _
Equation 9.6.3 may then be substituted into the general finite diff­
erence equation 9.6.1, to obtain an implicit equation for the future 
surface point
=1,1+1 - =1,1 _ '°r,i+i + °r,i' r ̂ _
6T - y  =2,3.1 - 2=1,3+1 *  =2,3+1
Bi 26X . ■




The substrate boundary condition
Let the value of i at the substrate boundary be L.
To satisfy the condition that the substrate is impervious to solvent, 
equation 9.5.15, it is necessary to introduce an S-value at the 
external point (L + 1 ,  j). In finite-difference form, the boundary 
condition becomes
and inserting this into the general equation 9.6.1, yields
26x2 ^=L-l,j+l =L,j+l =L-l,j =L,j)
Initial conditions
Any set of S-values may be specified at time zero. However the most 
usual would be
t = 0, c = c O X X L 9.6.6o ^ >
which transform to
T = O, C = 1.0, S = 1.0 O ^ X ^ 1.0 9.6.7
Final conditions
It will be assumed that the equilibrium content of the ink-film is
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zero, giving
t = oo, c = 0, O < X < L • 9.6.8
which transforms to
T = m, C = O, S = O, O ^ X ^ 1.0 9.6.9
FIGURE 9.1
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i and j take on integer values
In the program the thickness of the ink is sub-divided 
into 8 intervals. i,e. 8 X =  1/8
At the substrate boundary, i = L
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10. A COMPUTER PROGRAM TO SOLVE THE DIFFUSION EQUATION WITH A 
CONCENTRATION DEPENDENT DIFFUSION COEFFICIENT____________
10.1 Introduction-
In this chapter the finite-difference equations, derived in the previous 
chapter, are developed into a computer program. The non-linear equations 
are solved by an iterative method. Initially, because the details of 
the problem, and the nature of the solution, were largely unknown, the 
program was kept general. By this it is meant, that computation began 
at the beginning of the constant-rate period, "marched" through the 
critical point, and ended at a suitable point in the falling-rate 
region. To accomplish this task, the computational technique, had to 
be stable over a large range of the parameters D^*, Bi^ and Fo. It 
was hoped that such a program would allow the implications of various 
boundary conditions to be investigated.
Early trial runs were largely unsuccessful. The source of the difficulty 
was traced to the divergence of the iterative technique used to solve 
the non-linear equations. It became necessary to analyse those factors 
which influenced the convergence of the iterative technique. This 
analysis showed that, for particular values of the parameters, this 
convergence depended upon the manner in which the finite-difference 
equations were formulated prior to iteration. Although these difficulties 
were overcome, and eventually satisfactory program operation was achieved, 
program development was rather protracted. Only the salient features 
of this development work are described in this chapter.
Successful computer runs showed up the fundamental role played by the 
dimensionless parameters, D^* and Bi^. A graphical facility, available 
as standard computer software, was used to obtain internal concentration 
profiles during drying.
160
Later, attention was concentrated on the falling-rate region alone.
The objective of this work, was to match the behaviour of the computer 
model to data drom the IR curves, obtained during parallel experimental 
investigations in the falling-rate region. The manner in which the 
computer model must be modified to achieve this matching is described.
10.2 Parameters in Numerical Analysis of Transient Mass Transfer 
Dimensionless groups in transient heat transfer
It has been previously remarked upon that the two processes of heat 
and mass transfer are analogous. Thus it should be expected, that 
dimensionless groups used to express transient heat transfer data, can 
be transformed to express similar results in mass transfer. In 
convection the following two gropus are employed:-
2Fourier Number, Fo = at/L
The Fourier number is usually regarded as a dimensionless time scale. 
Biot Number, Bi = hL/k
The Biot number is the ratio of the internal thermal resistance of the 
body (L/k) to the external thermal resistance of the boundary layer 
(1/h). When the Biot number is small (say < 0.1) internal tenperature 
differences within the body are negligible in comparison with the 
temperature difference between the body and its surroundings. In such 
a case, when the temperature of the body may be assigned a single 
value the body may be treated as a lumped parameter system.
It is easy to demonstrate, for a body cooling by convection, when the 
thermodynamic properties are constant, that
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= e Fo 10.2.1
6 = Temperature difference between body and its surroundings. 
Analagous groups in mass transfer
If the situation is changed from heat transfer to mass transfer the 
analagous groups follow immediately.
Fourier number, Fo =
Again, Fo is a dimensionless time scale
k L
Biot number, Bi = — —-
The mass transfer Biot number may also be regarded as a measure of the 
rate of surface evaporation. For each program run, the mass transfer 
coefficient, k^, was regarded as constant. At high values of the 
evaporation rate (large Bi and k^) concentration differences develop 
within the body. At extremely high values of Bi, the surface concent­
ration falls to zero.
Newtonian Drying
When transient heat transfer can be expressed in the form
^  = e"t/G 10.2.1
where 8 is the time constant.
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The characteristic exponential decay of temperature with time may be 
termed Newtonian cooling. By analogy,"Newtonian Drying" satisfies the 
following equation
—  =  ' 10.2.2 mo
m = average moisture content of body 
3' = time constant for mass transfer
Since evaporation from the surface takes place according to
f  = kp A(Ps - PJ 10.2.3
where = vapour concentration at the surface
then mass transfer will take place according to equation 10.2.2 in the 
following three characteristic situations
a) Bi < 0.1
The internal liquid concentrations c are equal, and falls in 
step with cs
b) Bi > 1.0
After an initial adjustment period, when the liquid diffusion 
coefficient is constant, the internal concentration profiles take 
on an equilibrium shape
c) Bi »  1.0
The surface concentration is virtually zero. In this case the
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rate of evaporation is limited entirely by the internal resistance 




Finite-difference parameters in the computer program
In the computer program, the dimensionless form of the diffusion 
equation, (9.5.2) is solved. The computer solution is in terms of 
the Fourier and Biot numbers, absolute values of the transport 
coefficients are not used.
Definition of Biot number
When the diffusion coefficient is concentration dependent the precise 
definition of the Biot number requires care. Although the mass 
transfer coefficient can be maintained constant during drying, the 
diffusion coefficient D will change. In this situation it is necessary 
to distinguish between the two following, slightly different, 
definitions of the Biot number
k L k L
and Big = — — 10.2.5
D = smallest value of D (at C ) o o
Recalling that









is the normal mass transfer Biot number described above. Bi^ will 
change continuously during drying, having its smallest value at the 
beginning of drying and its largest value at the end. Although it is 
incorporated implicitly in the analysis, it does not appear explicitly 
in the finite difference-equations.
Big is a program parameter, the constant value of which must be 
specified as input for each computer run. The value of Big represents 
the value of the extremum, which Bi^ increases to at the end of drying.
An estimate the the value of Big was necessary for insertion in the 
program. The following value was considered appropriate for prelimin­
ary test. At the beginning of constant-rate drying
Bi^c^lO ^
Say diffusion coefficient varies by a factor of lOOO
D^* = 1,000
Big = Bi^ . D^* = 10 ^.10^ = 10^
Definition of Fourier number
Inspection of equations 9.6.1 and 9.6.4 will show that the following 
dimensionless group arises naturally
(D.* + D? . ) 6t
  10.2.7
Making a slight modification, the group may be regarded as a Fourier
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number which is a dimensionless criterion of step-length
D. *. 6t
Fo = —  10.2.8
When the finite-difference method is an explicit one, the length of
the time step must not exceed a definite value or the solution will
be unstable. Each finite-difference equation in the set must be 
examined for stability and usually the severest restriction on step- 
length arises from the stability criterion at a convective boundary. 
It was to avoid the restriction on step length associated with 
explicit methods than an implicit method was chosen.
Unfortunately, it has been found that the necessity of ensuring 
convergence of the iterative method of solution, itself introduces 
constraints. More will be said of these difficulties later, but 
normally the step-length was determined by setting the Fourier number 
in the program equal to 1/2
Fo = 2— ^  = i  10.2.9
Note that with this restriction increasing D* serves to reduce 6t
Having set the value of Fo, the time-step ÔT may be calculated for 
equation 10.2.9. The dimensionless total time T, required to carry 
out n time steps, follows from
n
T = Z 6t 10.2.10
1 .
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10.3 The Computer Program
Solving the finite-difference eq'ùations by iteration
Because the diffusion coefficient is concentration dependent its 
"future" magnitude, at the time (j+1), is unknown. Thus the implicit 
equations cannot be solved by the standard elimination methods normally 
used to solve sets of linear equations. The solution of non-linear 
partial differertLal equations is difficult and it is usually necessary 
to consider each problem individually, as general methods are not 
available.
Examination of the finite-difference equation 9.6.1, shows that it can 
be made the basis of an iterative method if it is re-formulated as follows
ÔT
In this implicit form, the principal unknown S. , appears on bothi,
sides of the equation, and this may be expressed
Si,i+1 =
Provided that an estimate of (called SG^) can be made then this
can be substituted into g (S. ) and equation 10.3.2 used to generate1 ,3+1
what it is hoped will be an improved estimate. Equation 10.3.2 can then 
be used recursively.
To obtain an initial approximation to the value of S. . , put
1 , j-ri,
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S. . , — SG. — S. , 10.3,21,3+1 1 1,3
This approximation is then used to evaluate the improved estimate of 
on the l.h.s. of equation 10.3.1 (SP\ in the program). Of 
course in practice equation 10.3.2 is used to obtain the initial 
approximation to all S-values on the future (j+1) line.
Provided that the iterative procedure is convergent, then it can be
used in a program loop to generate a sequence of improved approximations
to S. Iteration continues until the difference between SG, and1,3+1 1
SP^ is less than some pre-set tolerance, signifying an approach to a 
stationary state.
In a similar manner the finite-difference equation for the boundary 
point, equation 9.6.4 can be reformulated for iteration
ÔT
Sl,j+1 " ®l,j h , j ’ ^̂ 2, j+1 ' ^Sl,j+l''S2,j+l(s i l l,
Bi 26x 
- 1) Si,i+i (s'"!) +
Bi 2ÔX
+ S. . - 2S. , + S  r-  ln| S, , (e'" - 1) | )► 10.3.31,3 ^,3 [ s i , i  -  1’] }
The Program
The original version of the program to solve the diffusion equation 
with exponentially varying diffusion coefficient and convective bound­
ary condition is set out in Appendix 5. Figure 10.1 shows the flow 
chart for the program. In essence the program consists of iterative 
loops to solve equations 10.3.1 and 10.3.3 at each time step. The 
solution marches forward in steps of length fiT, as described in
section 9.6
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To specify the finite-difference grid in the X direction, 8 intervals 
were used, i.e. at the substrate boundary i = 9. At time zero the 
concentration C was put equal to unity; At the beginning of program 
development, the simplest dependency of D* on C was chosen, namely 
equation 9.5.4 and 9.5.5
D* = exp (KC)
K = In D*
Values of D^* (the value of D* when C = 1) were selected in the range
1.05 - 10^, this was in line with the findings of Hansen (56).
Various values of the Fourier and Biot numbers were tried in the 
ranges
10 < Big < lo'*
0.5 < Fo < 10
The iterative sequence continues until the difference between 
consecutive values of S is less than a pre-set value of tolerance. 
Although the program equations are written in terms of the variables D* 
and S, at the end of each time step the concentrations are also
evaluated and profiles of all three variables are printed out. In 
addition the average concentration C is calculated, as shown below, 
and printed out.
i=L




After normal debugging of the program had been completed, checking 
showed that numerical values from the program agreed with hand calcu­
lations. Even so program performance was far from satisfactory. In 
the early runs quite large values of Bi and D̂ * had been used, 10^ 
and 10^ respectively. Since, from equation 10.2.4
D*
it appeared reasonable to accompany the large value of D* with a 
relatively large value of Fo, in the range 10 - 100. A number of test 
runs were carried out, with various values of the program parameters, 
but either computing time was impractically long or the program failed. 
The failure always occurred during the iterative solution of the finite- 
difference equation at the boundary, equation 9.6.4. Eventually the 
iterative method computed a value of which was negative; the
consequent attempt to evaluate the logarithm of a negative argument, 
caused program failure.
Later, to overcome these difficulties, the program parameters were 
modified to the following values
Fo = h, Big = 100, D* = 10
With the incorporation of these changes, successful runs became 
possible. Even so program operation was still unsatisfactory.
Results showed that long runs were required to bring about significant 
changes in concentration. Detailed print-outs of the iterative 
sequence showed that at times, the rate at which it converged onto 
the "true" value was, impractically slow. The guessed values of S
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oscillated above and below the true value; the difference between any 
two values in the sequence being alternatively positive and negative. 
The usual method of overcoming stability problems is to reduce the 
magnitude of the time-step (Fo). However when this was tried, 
extremely long computer runs were required to reduce the average 
concentration.
Because of these difficulties, it was decided to modify the program 
and to solve the non-linear S-equation by Newton's method. It will 
be recalled that Newtons method is based on the recursion formula
*n+l = \  - f (x^)
Further trials on the modified program soon demonstrated that no 
improvement had been achieved. Newton's method was abandoned and the 
program reverted to its original form.
At this point it became essential to determine the factors controlling 
the rate of convergence, or divergence, of iteration. This 
investigation is described in the next section.
NOTE
The program development work described above took place over a period 
of weeks. Considerable time and effort were invested in it, but it 
was essentially unproductive. After consideration, it was decided 
not to include detailed results from these development runs in this 
thesis.
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10.4 The Convergence of Fixed Point Iteration 
Theory
To illustrate the convergence of a non-linear algebraic equation, 
consider the problem of finding a root of the equation
f(x) = O 10.4.1
First express this equation in the form
X = g(x) 10.4.2
In general, the function g(x) can have many forms depending upon how 
f(x) is rearranged to produce equation 10.4.2. For example if f(x) 
is a polynomial in x, then any x may be manipulated to the l.h.s. of 
equation 10.4.2. Not all of these arrangements are equally satis­
factory for iterative purposes.
Let X = x^ be an initial approximation to the desired root x = Z. 
Equation 10.4:2 may be written as a recursion formula to generate 
successive approximations to the root
= g(x^) n = 0 ,  1, 2   10.4.3
It can be shown, Conte and de Boor (74) that the conditions to ensure 
convergence of the recursion formula are contained in the following 
theorem.
Convergence Theorem
Let I be an interval containing the point x = z. Let g(x) and g'(x)
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be continuous in I. Then if | g'(x)[< 1 for all points in 1, and if 
the initial approximation x^ is chosen in I, the iteration (equation 
10.4.3) converges to the root Z.
By interpreting the theorem geometrically, its application can be 
illustrated. A root of equation 10.4.3 occurs at the point where the 
line y = X intersects the curve y = g(x). Two consequences follow 
from the theorem
i) The smaller the value of g'(z) the faster will iteration converge
ii) If the modulus of the slope g'(z) is greater than unity, then the 
iteration will diverge.
The manner in which convergence and divergence is influenced by the 
value of I g'(x)| is shown diagrammatically in Figure 10.2.
One additional point is illustrated on Figure 10.2.c. In the program, 
convergence is tested by computing for the n^^ iteration the error 
between the estimate of S(SGu) and the improved estimate of S(SP\)
(ERROR) = (SG. - SP.) 30.4.4. n 1 i n
If the error is greater than the allowable tolerance then for the 
(n + 1)^^ iteration
(SG.) = (SP.) = (SG. - ERROR) 10.4.51 n+1 i n  1 n
Equation 10.4.5 can be re-written in a somewhat more useful form
(SG.) , = (SP.) + PARAMI.ERROR 10.4.61 n+1 i n  n
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where O < PARAMl < 1 is an adjustable coefficient.
When PARAMl has the value of zero the original recursion formula holds. 
Figure 10.2.c shows that putting PARAMl equal to 0.5, convergence can 
be achieved even for |.g' (x) | > 1.
Rearrangement of finite-difference equation to improve convergence
From the above theory it appeared probable that the program failures 
at the surface boundary, described in the previous section, were 
caused by divergence of the iterative sequence. A possible reason for 
this was that equation 10.3.2. had been poorly formulated for iteration 
and did not satisfy the convergence theorem. It was decided to test 
this hypothesis by formulating an alternative recursion formula for 
the boundary point. Equation 9.6.4 was rearranged to bring the value 
of under the log sign, to the l.h.s. of the equation.
eC _ 1
Si,j+1 - k , 1°.4.7e - 1
where
k f (S, - S, .) 45X
2RB1- 5x
r s -  s ) 46X -,
ii;;' + D * ' , 6t ■ '2,j + ''i.j - 'o,j - '^2,j+i + 2Sij+ii
l,j+l , l,j J
2 Biz 6X
2,j (̂ k _
The development runs carried out with the modified recursion formula, 
indicated that for high values of Big and D̂ * a significant improvement 
had been achieved. Encouraged by this success, a subroutine was added 
to the program to give the following graphical output:-
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-  2a) A graph of average concentration (C) against time (TD*/L ) -
A drying curve.
b) Graphs of C against X - Concentration profiles.
In spite of a significant amount of time spent in trying to build on 
the improvements made, the program was still liable to fail. For 
example, for a large number of runs D* was held constant by setting D̂ * 
equal to unity. In practice, the avoid program failures D *̂ was set close 
to 1.0 , a value of 1.05 being used. A constant value of D* was used 
to facilitate numerical checks both on the program itself and on the 
iterative sequence. With values of D^* and Big set at 1.05 and 100 
respectively, and using equation 10.4.4, two characteristic modes of 
failure became apparent
a) Fo = ^
A stable solution was obtained, but after a 2 or 3 time steps the 
surface concentration , became negative
b) Fo = 0.005
To avoid becoming negative it appeared reasonable to limit 
reductions in to 5%. A hand calculation showed that to 
achieve this objective, a Fourier number of 0.005 was required. 
However when this value of Fourier number was used in the program, 
it resulted in divergence of the iterative sequence.
Because of these failures further analysis of the iterative method was 
necessary.
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Further analysis of convergence of the iterative method at the 
surface boundary_________________________________
Both forms of the recursion formula at the surface boundary, equations
10.3.1 and 10.4.7, were checked for convergence. Previous failures 
indicated that these checks should be carried out at two characteristic 
values of Fourier number, 0.5 and 0.005. D^* was held constant at
1.05, initially Big was set at 100, but later other values of this 
parameter were tried.
Equations 10.3.3 and 10.4.4 may both be written in the form
SP^ = g(SG^) 10.4.5
SG- = first estimate of S. .1 1/3+1
g(SG^) = r.h.s. either of equation 10.3.1 or of equation 10.4.7
SP- = improved estimate of S.1 if 3+1
To gain insight into the convergence problem the type of graphical 
analysis illustrated in Figure 10.2 was carried through by means of a 
hand calculation. For the first time-step, the function g(SG^) was 
evaluated for a series of avlues of SG^. Checking the convergence of 
two equations at two values of Fourier number gives four graphs, and 
these can be seen in Figure 10.3.
When it is recalled that iteration will diverge when | g'(SG^)| >1, 
then the reasons for the previous characteristic program failures are 




Converges for Fo = 0.005; Diverges for Fo = 0.5
Equation 10.4.7
Diverges for Fo = 0.005; Converges for Fo = 0.5
It can be seen by comparison that the graphs are consistent, i.e. for 
the same values of Fo and Big, the intersection point of the curves of 
SG^ and g(SG^) yields the same root regardless of whether equation
10.3.3 or equation 10.4.7 is used. However, when the gradient of 
g(SG^) is steep, the iterative sequence will spiral away from the 
intersection point no matter how close the initial estimate was to it.
Because of the insight it gave into convergence a second graphical 
analysis was carried through for the second time-step (j = 3). The 
results of this are shown in Figure 10.4. Again the graphs are 
consistent one with another and for Big = 100 they confirm what was 
stated above, namely that equation 10.3.3 will converge only for small 
values of Fo and that equation 10.4.7 will only converge for large 
values of Fo.
These characteristics lead to the following difficulty. A Fourier 
number of 0.005 is so small, that little change occurs and computer 
runs are long and inefficient. Because of the large time-step 
associated with a Fo number of 0.5, the boundary value of C is 
negative. However, it should be noted that further investigations 
showed that convergence was improved by increasing the value of D^*.
177
It should be pointed out that the recursion formula for the general 
internal point, equation 10.3.1, may also be re-formulated in an 
alternative form. Further calculation -showed that the two versions 
had convergence characteristics generally similar to those of the 
surface boundary point, i.e. one formulation converged for high values 
of Fourier number and the other converged for low values.
Although the analysis of the convergence of the iterative method had 
not overcome the difficulties, it had indicated that solutions were 
possible. For example, both forms of the recursion formula were 
included in the program as separate modules. The module actually used 
in a computer run was selected to suit the particular value chosen for 
the Fourier number.
10.5 Further Consideration of the Constant-Rate Surface Boundary Condition
If the vapour concentration the drying air is assumed to be zero, then 
the following boundary condition must be satisfied at the free surface
"(It) = p 10.5.1s' P ®
Cg = liquid concentration at the surface
Pg = vapour concentration at the surface
k = mass transfer coefficient P
It is generally assumed that during the constant-rate period thermo­
dynamic equilibrium is established at the free surface. Thus, during 
this period, even though c^ falls continuously, sufficient liquid is 
present to maintain the vapour pressure at the free surface at the 
saturated value, and consequently p^ remains constant.
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The physical significance of the Biot number was pointed out in 
section 10.2
^ internal resistance to mass transferBi = — —  = --------------------------------------1 D external resistance to mass transfer
During the constant-rate period,experiment shows that the mass transfer 
rate depends entirely on the resistance of the external boundary layer, 
and consequently Bi^ must be small. As drying proceeds D will decrease, 
however, until the critical point is reached, the internal resistance 
must remain a small fraction of the total resistance.
In the absence of additional hypotheses, it is implicit in equation
10.5.1 that constant-rate drying will continue until the liquid concen­
tration at the surface (ĉ ) falls to zero. This can lead to difficulties 
when matching the behaviour of the present simple mathematical model to 
that of the real system. For example, Newman (69) has pointed out that 
Cg cannot in fact fall to zero, since this would cause mass transfer from 
the surface to cease entirely. This is a somewhat pedantic point, since 
the small mass transfer rates of the falling-rate period could be main­
tained with an almost negligible surface vapour pressure.
However, for this research, there is a more serious difficulty that has 
already been touched upon in section 9.4. Because of the low internal 
resistance to mass transfer during the constant-rate period, internal 
concentration gradients will be small. This, when coupled with a surface 
concentration of zero, entails that at the critical point the average 
concentration within the solid, c, must be almost zero. This inference 
clearly contradicts experimental evidence from the drying curves which 
show that approximately 20% of the solvent still remains unevaporated
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at the end of the constant-rate period. An explanation of this 
experimental behaviour was proposed in section 4.6.
To match the behaviour of the computer model to the experimental drying 
curves, it was assumed that the end of the constant-rate period 
occurred when the surface concentration reached a critical value Csc
A numerical value of the parameter suitably chosen to ensure good
agreement with experiment, was assigned as input data to the program.
It is an advantage of a numerical, over an anylitical, solution, that 
such matching becomes possible and allows the physical implications of 
departures from standard conditions to be investigated.
It was assumed that at the end of the constant-rate period, the 
equilibrium relation between saturated vapour pressure and liquid 
concentration could be expressed as
p = R C 10.5.2s sc
where R and C are constants. sc
That the evaporation rate remains unchanged until the surface concen­
tration falls to the value and decreases thereafter, is contained
in the following conditions
C 4 C < 1.0 P = R C 10.5.3.asc s s sc
O 4 C 4 C p = R C 10.5.3.bs sc s s
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Using equations 10.5.1 and 10.5.3a, the constant-rate boundary condition 
can now be written
k R C 10.5.4p sc
or, in non-dimensional terms
and then in terms of the S-variable
10.5.5
(if) = T T T T T  [®sc - 1) + l] 10.5.6a
s - 1)
where
S is the value of S corresponding to C sc  ̂ sc
During the falling rate period, the surface vapour pressure falls and 
equation 10.5.3b is applicable. The boundary equation is identical to 
equation 10.5.6a except thatnow the constant is replaced by the
variable Sc
 ̂ I 10.5.6b
s (e'" - 1)
The finite-difference equation for the surface boundary is obtained by 
substituting equation 10.5.6 into the general finite-difference 
equation 9.6.1
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1,1.1 - *1.) . . s
' *•’ k . , . i  - “ i.iÔT 4 L 2/1+1 1/j+l 2,j+1 ~2,j
- 2S, . + S_ . - 2a 1 10.5,71/1 2,]
where A = ^ In fs (e^ - 1) + ll
(ek - 1) L =
rearranging as a recursion formula
i/j+i i/j
Equation lo.5.8 was incorporated into the contant-rate section of the 
program.
Figure 10.5 shows extracts from the computer output for the following 
conditions
Fo = 0.5, Big = 100, D* = 10, DENRAT = 0.1
It can be seen that after 10 time-steps both the gradient of S at the 
surface, (9S/3x)^, and the drying rate, 9c/9t, had settled to constant 
values.
10.6 Constant-Rate Period - Some Computational Difficulties 
D *  = 1.05 and Big =0.1
A constant value of diffusion coefficient (in practive D̂ * = 1.05) was 
selected both because it represented an important special case and 
because it facilitated program checks. The discussion of the previous
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section has shown that during the constant-rate period the Biot number 
(for constant D*, Bi^ = Big) should be less than unity.
Each test case consisted of running the program for 21 time-steps; no 
convergence problems were encountered. The difficulty was that, because 
of the small Biot number, at the end of a trial the reduction in the 
average concentration c was quite small. At first it was thought that 
larger reductions in c could be produced simply by increasing the length 
of the time step (Fo). Preparatory to doing this, the recursion 
formula, equation 10.5.8, was tested for convergence. The graphical 
analysis of Figure 10.6a shows that .the iterative sequence will become 
increasingly stable as the Fourier number is increased.
Next, the program was tested with three values of Fo (5,50 and 500) 
and extracts from the computer outputs are set out in Figure 10.7.
These results were unexpected, they show that increasing the Fourier 
number from 5 to 500 lowers the concentration profile only slightly. 





Average concentration after 
20 time-steps, c 0.988 0.964 0.956
It is clear from the data in the above table that as Fo is increased 
c approaches a limiting value. The existence of such a limit may be 
demonstrated by evaluating equation 10.5.8 for the first time-step. 
(J = 2)
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Input data:- D̂ * = 1.05, Big = 0.1, = 0.1, R = 1.0
By calculation A = 0.00244
22 6X Fo
For j = 1 St . - 2S. . + S. . - A = O (S = S. = S_ = 1; A = O)
^ 9 J - L / 3  ^ f J O  _L Z
For j = 2 Assume . =1.0, then using equation 10.5.8
0.99878 + 1/Fo 
l,i+l 1 + 1/Fo
As Fo increases to infinity, S approaches the limiting value ofJ- /
0.99878, which agrees closely with the value of 0.99876 taken from 
program output for a Fourier number of 500. Such a limiting value 
cannot be realistic, since c should be inversely proportional to Fo.
It was concluded that the computer results for Fo > *2 were spurious.
To gain insight into this difficulty, the explicit form of the finite 
difference equation, with the constant-flux boundary condition, was 
solved on a hand calculator. Based on these calculations the following 
explanation is proposed for the behaviour described above. The effect 
of the flux at the boundary on the finite-difference mesh is simulated 
by progressively reducing the surface concentration while maintaining 
the concentration gradient constant. When the Biot number is small, 
the reduction in concentration and the associated gradient, are both 
small.
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This surface effect is then transmitted from point to point across the 
mesh. If a large time-step is used (large Fo) then this would be 
expected to produce a commensurately large reduction in the surface 
concentration. But such a reduction, because it produces a large 
surface gradient, invalidates the original boundary condition for small 
Biot number. It follows therefore, that when the Biot number is small, 
a large number of small time-steps (Fo < 0.5) are required for a real 
solution. This difficulty was discussed with a numerical analyst who 
agreed that solutions of the finite-difference equation :at large values 
of Fourier number, could not be regarded as true solutions of the 
original differential equation. Following this difficulty, for sub­
sequent computer runs, the greatest value of Fourier number was 
limited to 0.5.
Figure 10.6a shows that, the iterative sequence based on equation
10.5.8 will not converge at low values of Fourier number. To meet 
the requirement for convergence when using Fourier numbers less than 
0.5, the following alternative recursion formula was obtained from 
equation 10.5.7
- 2S . + S. . - 2a 1 10.5.91/ D  ̂/ 3
A graphical analysis of convergence carried out on equation 10.5.9 is 
illustrated in Figure 10.6b. This analysis confirms that an iterative 
sequence based on equation 10.5.9 will converge increasingly rapidly 
as Fo is decreased.
\
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Both recursion formulas, equations 10.5.8 and 10.5.9 were retained in 
the program.
The final form of the program
At this point, the computer program had been developed into virtually 
its final form. The difficulties of iterative convergence had been 
largely overcome by including in the program two separate formulations 
of all finite-difference equations, one suitable for high Fourier 
number and one suitable for low Fourier number. Either formulation 
could be called upon, as the conditions demanded. When :started at 
time zero, and with all concentrations equal to unity, the program 
first calculated a constant-rate period, ^  ^sc* Subsequently, for 
Cg K  a falling-rate period was computed. This final version of 
the program to solve the non-linear form of the diffusion equation is 
shown in Appendix 6.
Successful computer runs
Figures 10.8a and 10.8b show graphical output from the computer, 
concentration profiles and drying curve, corresponding to the following 
conditions
= 1.05, Big = 1.0, Fo = 0.5, = 0.2
The value of 0.5 was used for the Fourier number because of the diff­
iculties experienced with higher values described earlier in this 
section. To avoid excessively long computer runs, it was decided to 
increase Big to 1.0 and to accept the consequent small internal concen­
tration gradients. This latter point was turned to advantage since it 
allowed the following check to be made on program consistency. It was
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demonstrated in section 9.3, that when the diffusion coefficient is 
constant the concentration profiles are parabolic. The following 
concentration data has been extracted from Figure 10.8a for J = 400
X=0 X=0.25 X=0.5 X=0.75 X=1.0
C 0.4322 0.4322 0.4322 0.4322 0.4322max
C 0.3341 0.3771 0.4077 0.4261 0.4322
C - C 0.0981 0.0551 0.0245 0.0061 0.0000max
To be parabolic, “ C) should be proportional to the square of
the distance from C to C, i.e. tomax
1.0 0.5625 0.25 0.0625 0.0
multiplying 0.0981 by these factors gives
0.0981 0.05518 0.0245 0.0061 0.000
By comparison it can be seen that the values of (C - C) taken from ^ max
Figure 10.8a, lie on a parabola.
It can also be seen by inspection of Figure 10.8a that the concentration 
gradients at the free surface (X = 0.0) are constant as they should be 
in constant-rate drying. Finally, equation 10.5.5 may be evaluated to 
check the value of the gradient at the surface
"•(SI-
For J = 400 from Figure 10.8a
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. - I S ,  . ». • 0.1.7(il = “•
and
Bi_ R C = 1.0 . 1.0 . 0.2 = 0.2 2 sc
It can be seen that these values of concentration satisfy the boundary 
condition at the surface.
Thus the spot checks have demonstrated the consistency and validity of 
the numerical results.
Difficulties with high values of D*
Based on the theory of diffusion in polymers described in Chapters 8 
and 9, the diffusion coefficient is expected to vary significantly 
with concentration. This exponential variation, expressed mathe­
matically by equations 9.5.4 and 9.5.5, is illustrated graphically in 
Figure 10.9, for various values of the parameter D̂ * . Figure 10.10a 
shows concentration profiles from a computer run in which D̂ * was set 
equal to 10 i.e. D* changes by a factor of 10 when C varies from O to
1. For consistency with experimental drying curves, assume that at 
the critical point
C = C = 0.2 10.6.1s sc
Bi^ = 1.0 10.6.2
Note: This choice of Bi^ is discussed in more detail below.
The value of corresponding to may be obtained from Figure 10.9
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With both and Bi^ known at the critical point, equation 10.2.2 
can be used to deduce Big.
Bi_ = Bi^ . D*2 1 sc 10.6.3
and for Bi^ = 1
10.6.4
Values of Bi^ corresponding to various values of and each consistent 
with Bi^ equal to unity at the critical point, are set outin Table 10.2 
below
TABLE 10.2





Experimental drying curves indicate that during the constant-rate period 
Biĵ  is quite small. For good agreement between theory and experiment, 
the preferred value for Bi^ at the critical point would have been 0.1, 
rather than the value of 1.0 actually used in equation 10.6.2. However 
it can be seen from Table 10.2 that, because of the high value of D* at 
time zero, Bi^will be much less than unity throughout the constant-rate 
period. Bearing this in mind, and remembering that a decrease in Bi^ 
causes an increase in computing time, the numerical value of equation 
10.6.2 appears reasonable.
189
Figure 10.10b shows concentration profiles for D^* = 100 and 
Big = 2.5, these values being selected from Table 10.2. Examination 
of Figures 10.10a and 10.10b indicates that, during the constant-rate 
period, the concentration profiles are quite flat, and that these 
profiles become flatter as D^* is increased in magnitude.. Thus, in 
spite of the large variation in D* between the beginning and end of 
the run, at any instant of time, D* is virtually constant across the 
solid layer. (It is worth noting that under these conditions a 
lumpted parameter analysis would be satisfactory).
A computer run was carried out with D^* = 1000 and Big = 3.98, but 
the results have not been presented because the reduction in concen­
tration achieved, even after 1000 time-steps, was negligible 
(c = 0.99329). This run highlights the computational difficulty of 
operating with high values of D̂ * and low values of Big. The manner 
in which the difficulty arises can be seen from equation 10.2.5 with 
Fo = 0.5
2D*
At the start of the run, D* has its maximum value (1000 in this case) 
and the time-step is correspondingly small.
An attempt was made to overcome this problem of long inefficient 
computer runs by means of an approximate method based on an extra­
polation technique. In the time available this method could not be 
made to operate successfully, but the basis of it is described in 
Appendix 7.
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10.7 Computer Results - Further Variations of and Big
The associated values of D̂ * and Big listed in Table 10.2 were 
calculated to produce a suitably low value of Biot number throughout 
the constant-rate period, to give good agreement with drying experiments 
This constraint, although it represented an interesting numerical 
problem, entailed that the concentration profiles of Figures 10.8 and 
10.10a and b, exhibited only a small variation across the ink-layer.
To exploit the capability of the program, it was considered worthwhile 
to run tests on combinations of D^* and Big outside those given in 
Table 10.2.
Figure 10.11 shows concentration profiles for two computer runs at the 
following conditions:-
Figure 10.11a : D^* = 1.05, Big = 100 
Figure 10.11b : D^* = 100, Big = 100
A comparison of the concentration profiles in these two figures 
indicates that, in spite of Big having the same value in both, the 
shape of the concentration profiles is different. This follows 
because the shape of the profile depends not upon Big, but upon Bi^, 
which from equation 10.2.2
will change as D* changes. With reference to Figure 10.11b, Bî  ̂ is 
small at the beginning of constant-rate drying (flat profiles) and 
large at the end (curved profiles).
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The drying curves corresponding to Figure 10.10 and 10.11 appear in 
Figure 10.12. The rate of drying is proportional to the Biot number.
10.8 Program Modifications to Restrict Operation to Falling-Rate 
Period Only_________________________________________
Preliminaries
As a necessary preliminary to concentrating attention entirely on the 
falling-rate period, the form of functional relation between diffusion 
coefficient and concentration was re-examined. Two formulations of
the exponential dependency were considered.
Case 1. D* = exp(DC), for all C
This is the programmed relationship
In D
O \o
Normal program operation, with values of D^* and Big selected from 
Table 10.2, leads to following difficulty in the falling-rate region. 
An examination of Figure 10.9 will show that, for even quite high 
values of D^*, most of the variation in D* occurs at concentrations 
greater than 0.2. Enormous values of D^* must be used to produce 
quite modest variations of D* in the region C < 0.2.
Case 2. D* = exp(KC), for O C C^
The theoretical treatment of this case has 
already been set out in section 9.5
\r\
D * = D * C 1
D * = value of D* at critical point 
^ In D^*
K =  r---
O Cc VO
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It should be noted that in this proposed form of case 2 behaviour, the 
discontinuity in the graph of D* and the change in the surface boundary 
condition, both occur at the critical point. This form of the relation­
ship between the diffusion coefficient and concentration can be justified 
if the critical point marks the outset of hindered drying. Alternatively, 
this relationship may be regarded as a practical form of case 1, suitable 
for large values of D^*; enormous values of D* are of no practical 
interest since they/represent negligible resistance to diffusion through 
the solid.
It follows that for this case 2 proposal:-
For, < C < 1.0, D* = constant and therefore Bi^ = constant
kpôX
Assume, as before, (Bi^) = — —  = 1.0
c c
k ÔX k 6x D k 6X
^  = - 5 - -  5^- F - = -5—  V  = (B il 'c  VO  O  C O  C
Big = D^* 10.8.1
To run this case exactly as described, some program modifications 
would have been required. These arise because the integrals which 




must be amended to take account of the modified form of the functional 
relationship between D and C. The new integrals, and the. new equations 




Case 2 behaviour can be implemented and the program modifications 
described above can be avoided if the computer runs are restricted 
entirely to the falling-rate region.
Experimental ink drying curves show, and theoretical analysis confirms, 
that at the critical point
C = C = constant; Bi, =1.0sc 1
The existing program may be used if the initial conditions are slightly 
changed, as follows
at t = O O < X < L C = 1.0 10.8.2a
Bi^ = 1.0 10.8.2b
C = 1.0 10.8.2csc
With these initial conditions, then for a given value of
K = In D^* 10.8.3
and from equation 10.8.1 above
Big = D^* 10.8.4
These changes are equivalent to a normalisation of the drying process 
based on conditions at the critical point. In the program, the 
constant-rate boundary condition is omitted.by setting
icrit = 2  10.8.4
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The program was modified in accordance with equations 10.8.2 to 10.8.4 
Subsequent results, described in the next section, are relevant 
entirely to the falling-rate period.
10.9 Computer Results - Falling-Rate Period 
Initially with Diffusion Coefficient Constant
To allow a check on the program in the falling-rate region, initial 
tests were carried out using a constant diffusion coefficient (D* =
D* = 1.0). For this case, standard transient heat and mass transfer 
data are available in the literature for comparison. The analogous 
dimensionless groups are








a = thermal diffusivity (k/p C^)
Figure 10.13 illustrates concentration profiles for the case Big = 1.0, 
It can be seen that the concentration gradients at the surface are 
proportional to the surface concentration itself. This is consistent 
with the falling-rate boundary condition, equation 9.3.5. Data from 
this test has been replotted in Figure 10.14. The manner in which the 
surface concentrations change with time is shown in Figure 10.14a. A 
comparison with the heat transfer data of Schneider (75), shows 
excellent agreement. The manner in which the average concentration 
changes with time, for the case Big = 1.0, is shown in Figure 10.14b.
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Data from two further computer runs at Big = 10 and Big = 100 are 
also included in Figure 10.14. It can be seen that the comparison 
with standard heat transfer, once more shows excellent agreement.
Newtonian Drying (Section 10.2)
The graphs of Figure 10.14 show that when the diffusion coefficient is 
constant, after an initial transient, non-dimensional drying curves 
are straight-lines when plotted on log/linear co-ordinates. This 
behaviour follows from the boundary condition equation 9.5.18
equating the surface evaporation rate to the drying rate
For equation 10.9.1 to be analoagous to Newton's Law of Cooling, the 
mean concentration C must bear a fixed relation to the surface concen­
tration . This will occur after the initial transient, when the 
concentration profiles have achieved an equilibrium parabolic shape, 
so that
C = AC 10.9.2s
where A is a constant
Introducing equation 10.9.2 into equation 10.9.1, and remembering that 
initially C is equal to unity gives
In C = - A Big T 10.9.3
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Thus, in Figure 10.14, the slopes of the curves are proportional to 
the Biot number.
One further comparison can be made with standard date for the 
important special case of zero surface resistance or infinite Biot 
number. For practical purposes, this case was approximated by setting 
Big in the program to a value of 1000. Concentration profiles from 
this test are shown in Figure 10.15. A comparison between the data 
contained in this Figure and data for this case in Crank (64) shows 
good agreement. To demonstrate this agreement, one profile from Crank 
has been included in Figure 10.15.
Computer runs with variable
Three computer runs were carried out in which the range of exponential 
variation of the diffusion coefficient was systematically increased. 
Figure 10.16, a, b and c, shows concentration profiles from these runs, 
in which the value of D^* was 10, 100 and 1000, respectively. 
Additional data from these runs is set out in Table 10.3. To maintain 
the Biot number (Bi^) equal to unity at the critical point for all 
tests, equation 10.8.4 was used
Examination of the drying times recorded in Table 10.3 shows that, as 
anticipated, high values of Big and D^* produce a rapid decrease in 
solvent content during the early part of falling-rate drying. Towards 
the end of this period, the difference in drying times between the 
three cases becomes marked. This behaviour can be explained from 
Figure 10.9; at low concentrations numerical values of the diffusion
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coefficient approach each other for all values of D^*
Drying curves corresponding to the three cases of Figure 10.16 are 
illustrated in Figure 10.17.
TABLE 10.3 
Rate of Drying Data - Figure 10.17 
For all computer runs.
T = 0; Concentration C = 1.0 = constant. Bi^ = 1 (ie Big = D^*)
D, * = 1 D̂  * = 101 1
T C dC/dT f T C dC/dT f
0.0 1.0 1.0 1.0 0.0 1.0 10.0 1.0
0.070 .93 .768 .768 .019 .855 5.86 .586
0.147 .88 .656 .656 .043 .74 4.19 .419
0.304 .782 .574 .574 .072 .63 3.26 .326
0.461 .696 .508 .508 .110 .527 2.28 .228
0.617 .619 .455 .455 .159 .432 1.71 .171
0.773 .552 .406 .406 .22 .346 1.16 .116
0.93 .491 .363 .363 .297 .271 .85 .085
1.085 .438 .325 .325 .39 .207 .566 .057
1.24 .390 .29 .29 .50 .154 .405 .041
1.4 .347 .259 .259 .627 .112 .266 .027
1.55 .310 .23 .23
Di* = 100 Di* := 1000
T c dC/dT f T c dC/dT f
0.0 1.00 100.0 1.0 0.0 1.0 1000.0 1.0
.00198 .856 48.7 .487 .000356 .815 232.7 .233
.00458 .761 28.3 .283 .00098 .722 105.5 .11
.00828 .679 18.1 ;i8i .0021 .637 54.0 .054
.0136 .601 11.9 .119 .00428 .554 28.3 .028
.0213 .526 7.93 .079 .00826 .474 14.9. .015
.0324 .456 5.28 .053 .0156 .395 7.87 .0079
.0483 .388 3.52 .035 .0292 .319 4.14 .0041
.0710 .323 2.34 .023 .0537 .247 2.15 .0022
.103 .263 1.55 .016 .0971 .18 1.11 .0011
.147 .208 1.02 .010 .170 .122 .56 .0006
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10.10 Rate of Drying - The Characteristic Drying Curve
The manner in which the rate of drying changes is also of interest. 
Dimensionless drying rates (dC/dT) were computed for all three cases 
of Figure 10.17 and these appear in Table 10.3 overleaf. Drying rates 
may be normalised, by dividing them by the drying rate at the critical 
point
c
Since the program now starts from the critical point, (dC/dT) must be 
evaluated at zero time. The general surface boundary condition is 
given by equation 9.5.12.
= Biz C;s
And the surface evaporation rate may be equated to the drying rate
= Bi- C 10.10.2dt 2 s
But, at zero time.
C = c = 1.0 10.10.3s
Hence
§ j'T=0 ' C
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Limiting values of the drying rate at zero time, are extremely 
difficult to estimate from the computed data. Instead, the limiting 
values of (dC/dT) given in Table 10.3 were calculated from equation 
10.10.4.
A graph of the function f against c, for falling-rate drying, is 
termed a "Characteristic Drying Curve". The four characteristic
curve s shown in Figure 10.18 correspond to earlier
indicated in the list below:-
Corresponding
Figure
1 1 1 10.14
2 10 10 10.16a
3 100 lOO 10.16b
4 1000 1000 10.16c
In recent drying research, the concept of the characteristic drying 
curve has attained some prominence. It was used (section 11.4) to 
normalise the IR drying curves in the falling-rate region.
For completeness the characteristic drying curve for Newtonian drying 
with a constant diffusion coefficient (D^* = 1) has been included on 
Figure 10.18. After an initial transient (which takes up a 
proportionately greater fraction of the total drying time at larger 
Biot numbers) this graph becomes a straight line. Thus, for drying 
with a constant diffusion coefficient, the characteristic drying 
curve is a straight line.
When the diffusion coefficient changes during drying (D^* > 1) the 
concentration profiles can never attain an equilibrium shape and
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consequently the characteristic drying curve can never become a 
straight-line.
The characteristic drying curve - 2-stage model for diffusion coefficient
Replotting data from the IR curves (described in section 11.6) showed 
that the experimental characteristic drying curve could be divided into 




f = relative drying rate
^ (dC/dT)
(dC/dTh
In the first stage of falling rate drying, the relative drying rate (f) 
decreases approximately linearly with solvent content. In the second 
stage, the gradient of the f curve diminishes as zero solvent content 
is approached.
Consideration showed that it should be possible to model the above 
experimental behaviour by making one further adjustment to the model 
of the diffusion coefficient. In section 10.8^a 2 stage model of the 
diffusion coefficient was adopted, but to avoid complexity, it was 
postulated that the discontinuity in the graph of D*, occurred at the 
critical point. To match the experimentally determined characteristic 
drying curve, shown diagrammatically above, it is now proposed that 
the discontinuity in the graph of D* should occur at the end of the 
first stage of falling-rate drying. This proposal is illustrated in 
the diagram overleaf.
1-0
Cg = Concentration at end 
of 1st stage drying
The theoretical treatment of this model of the diffusion coefficient 
has already been presented in section 9.5, under the title "Case 2 
behaviour". It can be seen that the algebraic transformations, from 
the C to the S variable, are more complex than for the simple case 1 
model. Thus, to adopt this model some modifications to the program 
were required; these are summarised in Appendix 6 .
It should be noted that the first stage behaviour of the experimental 
drying curve could have been modelled in a somewhat different manner. 
Sherwood (3) has suggested that this behaviour is caused by the 
appearance of dry patches on the surface, evaporation continuing at 
the constant-rate from the remainder. The present proposal was 
adopted because of its convenience, however the type of behaviour 
suggested by Sherwood could be programmed if desired.
Results of tests with the 2 stage diffusion coefficient are shown in 
Figure 10.19. To give agreement with experimental drying curves, it 
was assumed that the parameter C^ (see diagram above) had a value of 
0.5. This remodelling of the diffusion coefficient was quite success­
ful, in that the shape of the curves shown in Figure 10.19, resembles 
the shape of similar curves derived from experiment. However, there 
is one discrepancy. The first stage of the curves in Figure 10.19 is 
not linear. The cause of this non-linearity resides in the fact that, 
to economise in computing time, the value of the Biot number (6^ 2 ) was 
set at 1 .0 .
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For the final series of computer runs, it was considered worthwhile 
to attempt to linearise the first stage of the characteristic drying 
curve. To do this it was necessary to reduce the value of the Biot 
number at the beginning of falling-rate drying, (Bi^)^, from unity to 
a value of 0.1. To determine the value of the program parameter Big, 
recall from equation 10.2.6 that
also that, when Bi^ = (Bi^) ̂  D* =
For (Bi^)^ to have the desired value of 0.1, then
Big = 0.1 . D^* _ 10.10.5
The results of 4 computer runs, at various values of D^*, are shown 
in Figure 10.20. For each run the value of Big was determined from 
equation 10.10.5. As for the previous test, the first stage of 
falling-rate drying ended when the concentration fell to 0.5. It 
can be seen that the desired linearisation of the first stage of 
drying has been achieved. Also that the characteristic drying curves 
from the computer now closely resemble those derived from experimental 
data.
Two observations will be made on the curves in Figure 11.20:-
a) By comparing the curves in Figure 11,20 with the curves in Figure
11.19, it can be seen that, in the second stage of drying, the




The lower the value of the Biot number at the beginning of the 
falling-rate period, the larger must be the variation in D* to 
produce a given shape of curve in the second stage of drying.
b) Having established the theoretical basis of the model for the
first falling-rate period of ink drying, an economy of computing 
time may be achieved by concentrating attention on the second 
period. If this was down, the characteristic drying curves for 
this second period alone would be similar to those appearing in 
Figure 10.18.
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Addendum - Limitations of the Theoretical Model
It should be noted that as presently formulated the general theoretical 
model described in Chapter 10 is strictly applicable only to isothermal 
systems of fixed dimensions. These implicit assumptions were made to 
avoid complexity. In the falling-rate region, when comparing theoretical 
results from the model with experimental ink-drying data, the following 
remarks should be borne in mind:-
a) Isothermal System
During the falling-rate period the temperature of the system rises 
from the wet-bulb to the dry-bulb temperature. This temperature 
rise will cause the diffusion coefficient to increase, see page 
135. For relatively non-volatile solvents, where the wet-bulb 
depression is small, it should be possible to neglect this effect. 
When the change in system temperature becomes significant, a more 
complex theoretical model, which incorporates the dependency of 
the diffusion coefficient on the absolute temperature is required.
b) System of Fixed Dimensions
It has been assumed that the free volume of the resin/solvent 
system decreases with solvent concentration. For this assumption 
to remain valid for a system of fixed dimension, the model is 
strictly applicable only to those situations where the volume 
vacated by the departing solvent does not serve to increase the 
free volume of the resin/solvent system. This dimensional effect 
will approach zero as the solvent content diminishes to zero.
For systems where the effect of a dimensional change during drying 
is significant, then a modification to the model, to incorporate 
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11. ANALYSIS OF IR CURVES IN THE FALLING-RATE PERIOD
11.1 Introduction
To supplement the IR drying curves already recorded, further tests 
were carried out in the falling-rate period. Because the quantities 
of solvent to be detected were minute, it was necessary to exercise 
particular care in setting up the Infragauge and in setting it to zero.
A number of previous tests were re-run with increased amplification of 
the Infragauge signal, to show up the later stages of drying.
To correlate the IR drying curves for the falling-rate period, data 
extracted from the curves was re-plotted in various ways in an attempt 
to linearise it. Later the concept of the "Characteristic Drying Curve" 
was successfully used to normalise a group of related IR curves in a 
test series. All of these normalised curves were similar in shape.
Provided that drying data can be normalised in terms of a characteristic 
drying curve, this concept can then be used to predict the falling-rate 
drying time. The graphs revealed that for ink drying the normalised 
curve could be approximated by simple algebraic functions. Integration 
of these functions leads to analytic equations for the falling-rate 
drying time. Results from this analysis served to emphasise that long 
drying times were necessary to remove the final 1 or 2% of solvent 
from the ink. Such behaviour is consistent with the theory of an 
exponentially dependent diffusion coefficient developed in earlier 
chapters.
The falling-rate drying curve
The smooth IR drying curves. Figure 11.1a, typify plots of moisture 
content against drying time. Fisher (76) appears to have been the
2 0 5
first to point out the discontinuities which appear when the original 
data is re-plotted as a rate of drying curve. Figure 11.lb. Sherwood (3) 
also stressed that a rate of drying curve was essential for the accurate 
location of the critical point. As has already been pointed out, the 
discontinuity at the critical point arises because the nature of the 
resistance to solvent transfer begins to change at this point. Because 
of this fundamental discontinuity, the falling-rate period is most 
usefully analysed separately from the constant-rate period. It will be 
demonstrated that conditions at the critical point provide the vital 
link between constant-rate and falling-rate periods.
The practice of sub-dividing the falling-rate period appears to have 
been originated by Fisher (76) . He found that in each of three sub­
periods the drying rate was characteristically different. Figure 11.1b.
In the first period the drying rate was directly proportional to the 
moisture content
dW , n i lm = -r—  = k-w 11.1.1dt 1
2m = drying rate, Kg/m s 
w = moisture content of solid, Kg,m^
kĵ  = constant
In the second falling-rate period, the linear form of equation 11.1.1 
remained, but the straight line no longer passes through the origin 
of the graph
m = kg (w - k^) 11.1.2
k^ and k^ are constants.
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In the third and final period, the moisture content fell to its 
equilibrium value; the relation between drying rate and moisture content 
was non-linear.
The critical moisture content is a parameter of fundamental importance 
for dryer design. There appears to be no generally accepted method of 
predicting the critical point and it is usually determined empirically 
for a particular material, Treybal (77). Some workers, such as Perry (78) 
regard the critical moisture content as a physical constant. Other 
workers, such as Fisher (76) and Sherwood (3), consider that the 
critical moisture content will depend upon both the previous drying 
rate and the thickness of the solid being dried.
It is important to note, that the characteristic shape of the drying- 
rate curve. Figure 11.1b, was determined for a capillary porous body.
Also, physical explanations of the critical point and of falling-rate 
drying, such as in Keey (51), are usually given in terms of a 
postulated model of a capillary porous system. Because this model is 
not an appropriate one, concepts derived from it are not necessarily 
applicable to ink drying. However these concepts have provided a 
general framework for the present research.
Note
The following two points should be noted regarding the analysis of IR 
drying curves carried out later in this chapter
i) No attempt was made to convert the Infragauge output signal,
V (volts) into a mass of solvent present on unit surface area X,
2(Kg/m ) . This was unnecessary as the data v/as later expressed
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in terms of the solvent content either at the beginning of 
drying or at the critical point, i.e.
3T - 3T - f-o o c c
The subscripts o and c denote conditions at the beginning of 
drying and at the critical point respectively.
The use of normalised voltages had the additional advantage that 
it was unnecessary to recalibrate the Infragauge when later its 
amplification was increased.
ii) In the falling-rate period, the origin of the time scale is at 
the critical point. The term "drying time" will imply falling- 
rate drying time.
11.2 The Effect of Ink Thickness on Drying Time 
Logarithmic Plotting
Figure 11.2 shows test results to determine the effect of ink thick­
ness on drying time. The first attempt to correlate the IR drying 
curves was based on the results of classical diffusion theory outlined 
in section 9.3. When the diffusion coefficient is constaht, the 




where <() = relative solvent content (equation 11.1.3) 
t = time measured from critical point 
L = thickness of ink film
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In Figure 11.3a, the data of Figure 11.2 have been replotted on log/ 
linear co-ordinates. If equation 11.2.1 is to be satisfied, then the 
curves of Figure 11.3a must be straight lines. Assuming that drying 
is diffusion controlled there appear to be two explanations for the 
characteristic, concave-upwards, shape of the curves
i) In the early part of the falling-rate period the rate of drying 
will still be partly controlled by external convection. The 
change from external to internal control will occur over a trans­
ition period. The effect of such a transition is apparent on 
the curves of Figure 10.1b, near the origin.
ii) The diffusion coefficient is proportional to solvent concentrations 
To demonstrate the shape of à drying curve, when the diffusion 
coefficient is proportional to solvent concentration, a solution
of equation 11.21 was obtained by trial and error. For purposes 
of this demonstration the following arbitrary simplying 
assumptions were made
L = 1 D = (J) 
equation 11.2.1 then reduces to
In 11.2.2
Table 1.1 shows solutions to this equation for various values of t
TABLE 1.1
t 0 1 5 10
D 1.0 .566 .265 .175
1.0 .566 .265 .175
2 0 9
These points have been plotted on Figure 11.3a and the characteristic 
concave-up shape they express shows qualitative agreement with the 
drying curves. The numerical agreement between the arbitrary 
numerical solution and the points of band 1 is entirely fortuitous.
Dimensionless time-scale
Provided that the drying curves satisfy equation 11.2.1, the effect of
thickness may be eliminated by using the dimensionless time scale 
2(tD/L ). In practice the magnitude of D is unknown and the quasi-
2dimensionless time scale (t/L ) was used. Based on the ink thickness 
data given in chapter 4 the normalising factors were calculated as 
follows.
TABLE 11.2
Band No. 1 2 3 4
Ink thickness L, ym 6.6 9.4 11.3 13.8
43.6 88.4 127.7 190.5
2Normalised time scale, a t/L 1 2.03 2.93 4.37
For each band, the drying times of Figure 11.3a were reduced by 
dividing by the factors given in the bottom row of Table 11.2. The 
data is replotted in Figure 11.3b and it can be seen that this 
normalising technique has been quite successful in reducing the data 
to a single curve.
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Extraction of data from IR drying curves
Before any replotting was possible, the drying curves had first to be 
converted into numerical form, i.e. into a table of corresponding 
Infragauge voltages and times. The numerical data was in its turn 
transformed into non-dimensional form, and other results, such as 
drying rates, were derived from it. Because the numerical data was 
always presented as a graph, the data tables themselves were relegated 
to Appendix 8. Wherever necessary the location of the tabular data 
is given on the appropriate graph.
Comment
Replotting the drying curves in dimensionless form produced results 
which were consistent with a diffusion theory of drying. These 
dimensionless plots indicated that the diffusion coefficient was not 
constant, but was in sonje manner diepewei6.vft OV\ the solvent concen­
tration.
11.3 The Effect of Air Velocity and Air Temperature on Drying Time
The falling-rate sections of the drying curves shown in Figure 6.10 
and 6.11 were analysed in detail. The position of the critical point 
was difficult to locate with precision. This same problem was 
encountered throughout the graphical analysis of the IR drying curves. 
The difficulty is only partially alleviated by the construction of a 
rate-of-drying curve; evaluation of the gradient tends to exagerate 
irregularities in the IR curve.
Figure 11.4 is based on data extracted from the falling-rate region 
of Figure 6.10. The graphs of (p against drying-time, on log/linear 
co-ordinates, show the effect of air velocity on drying. The
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following comments are relevant:-
a) At first glance, the curves in Figure 6.10 appear to approach 
each other as drying proceeds. In fact, a closer inspection 
will show that the horizontal time separation between any two 
curves increases with time.
b) When plotted in log/linear co-ordinates. Figure 6.10, shows that 
the early part of each drying curve is linear and that each 
straight line has a different slope. Thus, this method of 
plotting does not produce a single normalised drying curve.
c) The later portions of the curves have the characteristic concave- 
upwards shape indicitive of a concentration dependent diffusion 
coefficient.
Figure 11.5 is based on data extracted from the falling-rate region of 
Figure 6.11. The graphs of cf) against drying time, plotted on log/ 
linear co-ordinates, show the effect of air temperature on drying. 
Comments a), b) and c) immediately above apply equally to Figure 11.6.
Comment
By replotting the falling-rate data, a degree of correlation of the 
drying curves was achieved. However, unlike the results from classic 
diffusion theory, the curves showed the drying rate to be affected by 
both air velocity and air temperature. The drying rate appeared to be 
a function of the earlier drying rate at the critical point.
In an attempt to improve further, the correlation which has been 
achieved, the data was next normalised using the concept of the 
"characteristic drying curve".
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11.4 The Characteristic Drying Curve
According to Keey (79), the first worker to make use of a characteristic 
drying curve to design a batch dryer was van Meel (80). In this paper 
van Meel assumed that rate of drying v moisture curves (Figure 11.1b), 
determined under constant conditions in a laboratory, were available.
He presented his drying curve in dimensionless form by using conditions 
at the critical point to normalise the data. Figure 11.1c. The dimen­
sionless co-ordinates of this curve are
f = —  11.4.1mc
f = relative drying rate
2m = rate of drying. Kg/m s
m = value of m at the critical point c
(f> = 11.4.2
c
(J) = relative solvent content
X = mass of solvent present on unit area of web, kg/m
X = value of X at the critical point c
Keey (79)has designated the normalised drying rate curve as a 
"characteristic drying curve" and has implied that it is "specific to 
a given material". The process of using conditions at the critical 
point to normalise drying data appears to be a useful one. However 
the hypothesis is that the characteristic curve is specific to given 
material required both theoretical and experimental verification. In 
his paper, van Meel stated that the laboratory experiments to 
establish the dimensionless drying rate curve should approach "as 
closely as possible the actual conditions in a dryer".
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Keey and his co-workers have attempted to establish the validity of 
the characteristic drying curve concept. Its theoretical foundations 
were examined in Keey and Suzuki (81) for the case of a coarsely porous, 
non-hygroscopic solid, where the drying process was modelled by an 
evaporative plane slowly withdrawing into the moist material. These 
investigations indicated there was no single characteristic curve for 
a given material. However for a given dryer, it v;as considered that 
variations in drying parameters would be small enough for the charact­
eristic drying curve to provide a basis for calculation.
Because it is based on a model of a thick porous solid, Keey's 
theoretical analysis is not of direct relevance to this research. 
However, the characteristic drying curve appeared a useful concept, 
which could be used on an empirical basis, to correlate ink drying 
data in the falling-rate region.
11.5 Correlations Using the Concept of the Characteristic Drying Curve 
The effect of air velocity
Figure 11.6 shows the effect of changes in the velocity of the drying
air on the drying rate in the falling-rate period. Figure 11.6 is a
replot of data extracted from Figure 11.4. The rate of change of
Infragauge voltage was calculated by dividing the difference between
adjacent tabulated values of voltage by the corresponding time
interval. Voltage derivatives, termed the "equivalent drying rate",
appear on Figure 11.6a. Voltage derivatives were not converted into
2absolute rates of drying (kg/m s), but were normalised to produce the 
relative drying rate f
c c
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Values of f and <j) yield a characeristic drying curve. Figure 11.6b.
The following comments are pertinent to Figure 11.6a and b
a) Although plotting the data in the form of a rate of drying curve 
serves to emphasise the discontinuity between the constant and 
falling rate regions, it was still found difficult to locate the 
position of the critical point with precision. The data from 
which the drying rates were calculated was read off the IR curves 
by eye cind small errors were unavoidable. These errors inevitably 
produced scatter in the derived points, and this is particularly 
evident in the region of the critical point. Figure 11.6b. A 
previous attempt to differentiate the Infragauge signal by 
electronic means, was unsuccessful. The signal was insufficiently 
smooth to allow this type of processing. Modern automatic data 
processing techniques were not used in this research, but it is 
recognised that there is scope to do so. In assessing their 
applicability the important question of accurately locating the 
critical point should be considered.
b) Making allowances for the scatter of the data on Figure 11.6b, 
the critical point appears to occur at a roughly constant value 
of (X/X^). Thus the effect of changes in the drying rate brought 
about by changes in air velocity is shown to be not significant. 
This agrees with previous experimental evidence on the critical 
point already discussed in section 4.6
c) Because of the scatter of the data at the critical point, the 
drying rates at this point were taken from previous calculations 
of the constant-rate period. It should be noted that different
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estimates of the location of the critical point will produce 
second order changes in the shape of the characteristic drying 
curve.
d) By means of the characteristic drying curve concept, four
previously separate drying curves have been successfully reduced 
to a single normalised curve. Figure 11.6b.
The effect of air temperature
Figure 11.7 shows the effect of changes in the temperature of the 
drying air on the drying rate in the falling-rate period. The data on 
which Figure 11.7 is based was extracted from Figure 11.5. The remarks 
and comments made above about the critical point apply equally, 
mutatis mutandis, to Figure 11.7a. Once again, it can bee seen from 
Figure 11.7b that, allowing for the scatter of experimental points, 
the data is well correlated by the characteristic drying curve.
11.6 Experiments in the Falling-Rate Region
The characteristic drying curves illustrated in Figures 11.6a and 11.7b 
were derived from IR curves primarily recorded to yield test data on 
the constant-rate region. This replotting served to emphasise that 
data from the final period of drying must of the highest possible 
accuracy to prevent inferences drawn from it being grossly in error.
To obtain more accurate data, specific to the falling-rate period, the 
experimental procedure was modified slightly as follows:-
a) To give a larger signal in the falling-rate period, the gain of
the Infragauge amplifier was increased. The undesirable 
consequence of this adjustment, was that for most of the
216
constant-rate period the Infragauge signal was excessively large 
and off scale. In turn, the corresponding portion of the drying 
curve was meaningless. It should.be noted, that it was essential 
to include the critical point on the meaningful section of the 
IR curve. This placed a practical limit on the amount of gain 
that could usefully be employed.
b) During these experiments it was found that driving the Infragauge 
signal off-scale at the beginning of a test caused the instrument 
output to stick in this position. When this occurred, it spoiled 
data from the remainder of the test. Fortunately, this difficulty 
was overcome, relatively easily, by incorporating a "Zenner 
Diode" in the electronic circuit.'
c) With the increased amplifier gain, adjustment of the Infragauge 
zero required considerable care. Throughout the test work the 
instrument was set to zero with uncoated plastic in the measur­
ing beam.
The thickness of the commercial plastic film was not constant, 
but varied within the tolerance of manufacture. Although the 
film was nominally transparent to the IR beam, at this high 
amplification, variations in film thickness were sufficiently 
large to cause slight shifts in instrumental zero (0.1/0.2 volt)
To avoid these slight discepancies, the zero was frequently 
checked throughout a test series. However, this point should 
be borne in mind, when analysing data from the final stage of 
drying.
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d) The plotting speed was reduced to allow the test period to be
increased. Because of the difficulties mentioned above, it was
necessary to run a number of proving tests to establish
conditions and to ensure consistency.
Figures 11.8, 11.10 and 11.2 show IR drying curves recorded using the 
modified procedure. From them it can be seen, that at the beginning 
of drying the Infragauge is off-scale and registers a voltage of
10.7 volts. In the falling-rate region the curves are clearly 
delineated. The IR curves yielded equivalent drying rates which appear 
as the corresponding rate of drying and characteristic drying curves 
shown in Figures 11.9, 11.11 and 11.13.
The difficulty of locating the critical point already remarked upon, 
was exacerbated by increasing the instrumental gain. Voltages of 
roughly 6 - 7  volt probably represent the limit of linearity of the 
Infragauge. Errors in estimating the critical point will, to some 
degree, influence the shape of the derived rate of drying curves. Care 
has been taken to minimise this effect. In processing the data, 
scatter of the derived points is unavoidable ; consequently the comments 
below should be taken as expressing trends.
Comments on the rate of drying curves - Figures 11.9a, 11.11a and 11.13a
a) To a first approximation the falling-rate period can be divided
into two equal halves. In the first period the drying rate falls 
linearly with solvent content. In the second period the drying 
rate is a non-linear function of solvent content; the shape of the 
drying rate curve is concave upwards.
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b) Figure 11.9a: Changes in the drying rate, brought about by
variations in the air velocity, appear to have little effect on
the value of (X/X^) at the critical point. There is little
separation of the curves in the second period of drying.
c) Figure 11.11a: Changes in the drying rate, brought about by
variations in the air temperature, appear to have little effect 
on the value of (X/X^) at the critical point. The curves retain 
their separation throughout.
d) Figure 11.13a: Since a considerable portion of the IR curve was
recorded with the Infragauge operating in the non-linear portion 
of its range, the points from band 4 are of doubtful validity.
If these doubtful points are neglected, the ratio (X/X^) is
roughly independent of ink thickness.
e) From all three figures it appears that for any test series the
critical point remains largely unaffected by changes of the
external variable. Expressed as a decimal, for most tests, the
critical point lies in the range
0.15< ( f )  < 0.2
The change in the value of (X/X^)^ within this range which occurs 
between tests separated in time requires further investigation.
f) These results are in broad agreement with the preliminary results 
of section 4.6.
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Comments on the characteristic drying curves - Figures 11.9b, 11.11b & 11.13b
a) There is some scatter of the data points in the first period of 
drying, i.e. in the range 0.4 <  ̂< 1. If this qualification 
is accepted, then each set of curves is well correlated by this 
type of plot. .
b) The characteristic drying curves all have approximately the same 
shape.
i) 0.4 < # < 1.0 Linear
ii) O < (f) < 0.4 Curved (concave up)
c) At the end of any test, the drying rate had diminished to an 
extremely low value. When the drying rate is controlled by 
diffusion, drying can be a protracted process. Accurate rate 
data for the last stage of drying is vital, because it may take 
up the greater proportion of the total drying time.
d) At a value of <j) approximately equal to 0.1, the IR instrument, 
when used in this fairly straightforward manner, seems to have 
reached the limit of its accuracy.
11.7 Theoretical Predictions of Drying Time Based on the Characteristic
Drying Curve_________________________________________________________
In section 11.6 it was demonstrated that test data could be successfully 
correlated by means of the characteristic drying curve. From the shape 
of these characteristic drying curves, it is evident that the empirical 
* relation between f and (|) can probably be represented, to sufficient
* In a parallel theoretical investigation (described in section 10.10), 
the empirical relation between f and ^ was obtained by means of the 
computer model.
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accuracy, by simple algebraic functions. It was appreciated of course 
that, using standard computer software, the data could more accurately 
be fitted by a polynomial equation. In spite of this, it was decided 
to derive a simple analytic formula for drying time, because of the 
greater physical insight which it was hoped would follow from its use.
With the drying rate expressed as an analytic function of solvent 
content, the drying time may be obtained from it by integration. In 
this section, various assumed algebraic relations between f and (j) will 
be used to derive theoretical formulas for the falling-rate drying time. 
In the sections which follow, drying times calculated from these 
formulas will be checked against experimental data.
Basic Definitions
f (0) = —  m = m^ f(<j))
c
ax = x̂  d*
m = ^ or dX = - ^dt m
t = /'2dt = - 4% = /" l dX
using the initial and final conditions
ti = O, = 1
tg = t 4^ = * y
&
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a) Basic 2 zone model
Examination of the characeristic drying curves determined from experiment, 
indicated that the empirical relation between f and <j) could be modelled 
by the type of reltionship illustrated below
VO
f(<j)) is defined by the conditions
4
I V Oofrom the above conditions it follows that
11.7.2a
1 - f 11.7.2b
11.7.2c
Consider the case when the final value of <j) is smaller than <\> , then the 
basic integral, equation 11.7.1 must be evaluated in two stages*.-
“c (p Me “c ^
11.7.3
making the appropriate substitutions for f(<j>)
d(f> X .1+ _C y* d(|)







(̂((.̂ ) - "]
1 - n 11.7.4
It follows from this analysis that the drying time t may be expressed 
in the general form
t  = —  g(<j>) 
c
11.7.5




It is convenient to consider the drying time t, expressed by equations
11.7.5 and 11.7.6, as the product of the two factors, (X^/m^) and the 
function g(^). The significance of each of these factors will be 
discussed in turn.
i) The parameter X^/m^
By definition
m = c - m
From the drying curve
c 1 Thus —  = t m 11.7.7
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The parameter (X^/mu) represents the hypothetical time t^ for the 
solvent content to be reduced from X^ to zero, the critical drying rate 
being maintained constant, t^ is analagous to a time-constant.
Analysis of the experimental drying curves in section 11.6 had indicated 
that the ratio (X/X^)^ remains roughly constant, and is essentially 
independent of drying rate. Now for all tests, the ink viscosity was 
maintained constant; it follows that for a particular gravure band, X^ 
and therefore X^ may be treated as a constant. Thus, for an ink layer 
of constant thickness, the parameter (X^/m^) is inversely proportional 
to râ , the drying rate in the constant-rate period.
ii) The function g(^)
g ((f)) is a dimensionless function which expresses the shape of the drying 
curve. It can be regarded as a dimensionless drying time with 
parameter (X^/m^) equal to unity.
By giving appropriate values to the parameters in equation 11.7.6, 
particular expressions for the drying time may be derived. The following 
special cases illustrate the method.
b) 1-zone linear
O < ({) <̂ 1, f((J>) = <f)
^c 1t = —  In Y  11.7.8
“c ^
c) 1-zone quadratic
0 <  0 < 1, f ((f)) = (f)̂
t = - -  ( - - 11 11.7.9
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2-zone models with 6^ =0.5
d) 2-zone quadratic
i) 0.5 3 0 < 1, f (<p) = <f>
ii) O ^ ^ 0.5, f(<f)) = 2<f>̂
X
a  - 11.7.10
e) 2-zone cubic
i) 0.5 < <f) 1, f ((f)) = (f)
ii) O < <|) < 0.5, f(4) = 4(f>̂
11.7.11
In endeavouring to fit the experimental data, a range of mathematical 
models of f(4>) was developed. Those models found most useful, together 
with the corresponding equations for g(<f>), are illustrated in Figure
11.14. All models in this Figure are of the 2 zone type with (f)̂
equal to 0.5.
Various expressions for the dimensionless drying time g(<p) , correspond­
ing to the mathematical models shown in Figure 11.14, are shown 
graphically in Figure 11.15. From this Figure it can be seen that all
formulas for g(^) are in approximate agreement down to a  ̂value of 0.5,
For values of (f) less than 0.2, the gradients of the curves become quite
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small, and large differences in the value of g(^), and hence in drying 
time, are possible.
Newtonian Drying
The drying rate may be expressed in a manner analagous to Newton's Law 
of Cooling
dx—  = - PX 11.7.12
With the solution
= ? (i) 11.7.13
Comparison of 11.7.13 with equation 11.7.8 demonstrates that the char­
acteristic drying curve for this type of drying is a straight-line. 
The computer model will exhibit this type of behaviour when the 
diffusion coefficient is constant, see section 10.9.
Equation 11.7.13 may be rewritten
—t ̂4» = e 11.7.14
It is apparent that P is a dimensional parameter which depends upon 
the surface heat transfer coefficient k, the diffusivity D and the 
thickness of the ink layer A. It follows from dimensional analysis 
that
"LP E Bi Fo 11.7.15
Bi = k/.i/D 
Fo = Dt/A^
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Comparing equations 11.7.13 and equation 11.7.8, it follows that
Xc
B\ f  O
11.8 Curve Fitting
It was pointed out in the previous section, that all derived equations 
for the drying time were similar in form (equation 11.7.5)
Data extracted from the IR drying curves may be similarly expressed
X
t = —  h(4) 1 1 .8.1
c
In this case h(^) is an empirical function, which is implicitly 
contained in the <f), t data, tabulated in Appendix 8 • This numerical 
relationship may be extracted from the drying data by transposing 
equation 11.8.1
The parameter .(X̂ /m̂ ) may be evaluated directly from the tables of 
ihfragauge voltage V, by means of tfite following identity
11-8-1c c
1where t is defined by equation 11.7.5.
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Thus by comparing the various theoretical equations for g(<p) with the 
empirically determined function h(^), the equation giving the best fit 
may be selected. To test this method, "data from three drying tests 
was used to calculate h(^). This allowed data from a test on each of 
the variables (air velocity, air temperature and ink thickness) to be 
assessed, but the particular tests were selected in an arbitrary 
manner. The data, and values of g(<t>) computed from them, are set out 
in Table 11.1 below.
TABLE 11.1 
Comparison of h((j)) and g(^)
g(<f>), from model number 2, Figure 11114
0.5 < (f) ^ 1.0; t = In —
1
O 3 # 3 0.5; t = —
4.5 <t>1.5
+ 0.02
a) Data from Figure 11.9 - Velocity 30 m/s
From graph: V^ = 6.15 volt; = 1. 84 volt/s; ^  = o f  = 3.34 s 
c
1.0 0.73 0.37 0.24 0.2 0.17 0.15 0.11 0.1
time, t(sec) 0 1 3 5 7 9 11 19 29
h(0) = t/3.34 0 0.3 0.9 1.5 2.1 2.7 3.3 5.7 8.7
t = g(0) 0 0.32 1.1 2.05 2.2 3.4 4.1 6.5 7.5
b) Data from Figure 11.11 - Temperature 60 C
From graph : V^ = 4.9 volt; = 3.0 volt/s; 2ç ^ 4.9m 3 .0 c
= 1.63 c
4> 1.0 0.29 0.16 0.13 0.11 0.1 0.09 0.07 0.066 0.06
time, t(sec) 0 2 . 4 6 8 10 16 26 36 46
W(<P) = t/1.63 0 1.2 2.5 3.7 4.9 6.1 9,8 16.0 22.1 28.2
t = g((f>) 0 1.5 3.6 5.0 6.5 7.0 8.7 12.7 13.9 16.0
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c) Data from Figure 11.13 - Band 3
From graph: V =5.35 volt; = 1.8 volt/s; —  = =2.96
4> 1.0 0.47 0.45 0.27 0.21 0.15 0.13 0.12 0.11
time, t(sec) 0 2.0 2.5 5.0 7.5 12.5 17.5 22.5 27.5
h((j)) = t/2.96 0 0.68 0.84 1.7 2.5 4.2 5.9 7.6 9.3
t = g(^) 0 0.75 0.82 1.7 2.5 4.1 5.0 5.8 6.5
The data in Table 11.1 has been plotted in Figure 11.16. An examination 
of the data, in both its tabular and its graphical forms, shows that
a) h((f)) data from all three tests are reasonably consistent
b) Up to an h(^) value of approximately 10, there is good agreement 
between g(^) evaluated using model number 2 (Figure 11.14), and 
the empirical h((f>) data.
c) Predictions of drying may be significantly in error for values 
of (f) less than 0 .1 .
This comparison has demonstrated that, for values of down to roughly 
0 .1, the falling rate data can be reasonably well correlated by means 
of quite a simple mathematical model of the characteristic drying curve. 
Indeed in the first falling-rate period, drying times predicted by the 
various models do not differ greatly.. This is not so for longer drying 
periods, when the gradient of the h(<}>) curve has become quite small.
For the correct prediction of drying times when the final value of # is 
less than 0 .1 , it appears essential to start the modelling process by 
fitting accurate empirical data for this region
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11.9 Correlation of Falling-Rate Data for n-Propanol
To test its range of application, the correlation technique was next tried 
on an ink based on a different solvent. IR curves have already been 
presented for n-propanol. Figures 7.2 and 7.3, as part of the constant- 
rate investigations. The falling-rate regions of these figures was 
next analysed. Rate of drying data was extracted from the curves by the 
same method as described in section 11.5. Voltages and rate of change 
of voltage were normalised by using the critical point values, to yield 
the relative solvent content and the relative drying rate f. Because, 
with n-proponal, only a small section of the constant-rate region was 
recorded (see section 7) a relatively small departure from the previous 
method was necessary. Instead of using a rate of drying curve to locate 
the position of the critical point, this was estimated directly from 
Figures 7.2 and 7.3. In addition, it is apparent from the drying curves, 
that the dimensionless voltage at the critical point, (V/V^)^, is 
largely unaffected by changes in the drying rate.
Figure 11.18a (data extracted from Figure 7.2) shows the effect on the 
characteristic drying curve of changing the drying rate by changing the 
air velocity. It can be seen that all four sets of data can be 
reasonably well correlated by a single curve.
Figure 11.18b (data extracted from Figure 7.3) shows the effect on the 
characteristic drying curve of changing the drying rate by changing the 
air temperature. In this case the correlation is less successful, but 
probably still satisfactory. There is some separation of the data in 
the important region where is less than 0.3.
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To complete this investigation of the n-proponal ink, further tests 
were carried out with increased amplification of the Infragauge, to 
show up the falling-rate region. IR drying curves from these tests are 
shown in Figure 11.19. To ascertain the effect of ink thickness^curves 
were recorded from each of four gravure bands, while maintaining 
constant the conditions of the external air. To record these curves,
it was necessary to take especial care to ensure correct alignment of the 
Infragauge after changing from one band to another. Although the IR 
curve from band 4 appears satisfactory, f/(j) data calculated from it was 
not consistent with similar data from the other three curves. It was 
concluded that the reason for this significant discrepancy, was that 
the IR curve was inaccurate in the region of the critical point. This 
is the same difficulty, encountered throughout this reseach, that the 
early portions of IR curves recorded from band 4 are inaccurate, 
because the instrument is operating outside its linear range. Because 
of this, data from band 4 was excluded from the correlation.
Figure 11.20 shows the characteristic drying curve which has been 
derived from the curves of Figure 11.19. It is evidence from Figure
11.20 that the data is reasonably well correlated by a single curve.
Comparison of h(^) and g(^) for n-propanol
Following the procedure evolved in the previous section, the quantity 
(X^/m^) was calculated for each curve. Using equation 11.8.2
h(4)
The empirical function h(#) was calculated for all curves appearing in 
Figures 11.20 and 11.21. This h(^) data has been plotted in Figure 11.21
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It is evident from this Figure, that there is some scatter of the data 
but, down to a (j) value of approximately 0.25, it could be correlated 
by a single line. There may be evidence of separation of the data at 
longer drying times. On the other hand this separation may arise from 
experimental discrepancies consequent upon the difficulty-of making 
exact measurements at low solvent content.
The various models of g(^) set out in Figure 11.15 were compared with 
the h(^) data of Figure 11.21. None of the models fitted the data 
satisfactorily. To achieve a better fit, a slight modification was 
made to model 2 of Figure 11.15. From the characteristic drying curves 
shown in Figures 11.18 and 11.20, it is evident that the relation 
between f and (p should have the following form
i) 0.4 <:(()< 1.0, f(^) = a^ + â <p
2 5ii) O < (j) 0.4, f((f>) = â(|)
The constants a^, and a^ can be calculated from equations 11.7.2a-c
a^ = - 1/3, a^ = 1V3 a^ = 1.976
When these values are substituted into the general equation 11.7.6, 
the following equation for g((p) are obtained
3 r 10.4 ^ < 1.0, g(<l>) = -  In------- -
I3 + - 3 .
O < (f) ^ 0.4, g((j)) = 1.976 \ " 2.63| + 1.2111.5* J
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For comparison, this function has been plotted on Figure 11.21. It 
can be seen that it satisfactorily represents the data. For clarity 
numerical values of this function have also been included in 
Figure 11.21.
Addendum - The Characteristic Drying Curve Applied to Ink Drying
It is believed that the results described in this chapter represent 
the first demonstration that the concept of the characteristic drying 
curve can be used to normalise falling-rate, ink drying curves. The 
demonstration that this concept can be applied to the evaporation of 
organic solvents from systems such as an ink film, represents an 
extension of this technique.
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12. SUMMARY, DISCUSSION ATJP CONCLUSIONS
12.1 Introduction
In this chapter, the results of the research will be summarised and
discussed. Wherever possible the order in which the various points
are dealt with, will follow the order in which these topics were 
originally presented in the thesis. The limitations and the achieve­
ments of the research will be assessed.
After this summing-up, an attempt is made to assess the potential of 
the IR instrument, not only as a tool for basic research, but more 
widely, as a dryness meter for use on an industrial dryer. The type 
of heat transfer data required by dryer designers is briefly discussed.
Finally some suggestions are made for the manner in which future ink- 
drying research should be carried out, to relate it to the requirements 
of commercial dryer design.
12.2 Summing-up
1. Ink Application
Test work has demonstrated that the adaption of the gravure press for 
research purposes has been quite successful. The earlier difficulties 
of applying an ink coating of known thickness have been overcome. The 
effect of uncontrollable variations in ink film thickness, which occur 
during a test series, have been sufficiently small for them to be 
neglected, in comparison with the major effects brought about by 
changes in air velocity, air temperature, etc.
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Difficulties of matching the thickness -of the ink layer to the operating 
characteristics of the IR instrument, have been overcome by the use of
a gravure cylinder with 4 different depths of etch. The range of 
coating thickness produced from this cylinder, has proved to be quite 
adequate for research purposes. The quantity of ink deposited on the 
web from each gravure band, may be readily determined by sequential 
weighing on a sensitive chemical balance.
Experience has shown that continuous printing is neither necessary nor 
desirable for drying research. It has been found that the drying 
characteristics of a material can best be expressed in the form of a 
drying curve. Such a curve can be most directly arrived at,by the 
batch drying of a sample in a controlled environment. Of course, 
batch operation also offers considerable savings in cost of materials 
and operating time.
2. The Drying Research Rig
After overcoming some initial set backs, a drying research rig has 
been successfully developed which incorporates an IR absorption 
instrument capable of detecting solvent in ink films of quite minute 
thickness. A technique has been developed to record IR drying curves 
from stationary ink coatings drying in a closely controlled environ­
ment. During the course of the research, and within the limitations 
of the rig, the effect of varying the physical drying parameters has 
been demonstrated. Refinements carried out during the development 
period, both to the rig itself and to the experimental technique, have 
served to reduce sources of secondary error. It would appear, that in 
some experiments, the rig was operating at the limit of the present 
experimental technique.
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The maximum air velocity and air temperature used in the tests, 
represent the practical limits of both the fan and the electrical 
heater. Research at the higher velocities and temperatures in use on 
some industrial dryers, would require replacement of the existing air 
supply system. More detailed measurements in the air boundary-layer 
require more advanced instrumentation than is presently employed.
3. The IR-Technique
The early difficulties experienced with this technique have now been 
largely overcome. These early difficulties arose largely from 
unfamilicirity with the physical principles of IR absorption and the 
necessity to relate the IR wavelength to the thickness or quantity of 
the substance being measured. Although the Infragauge is a commercial 
instrument, the manner in which it was employed to measure a variable 
solvent content, was a novel application. Once the operating charact­
eristics of tlie instrument were fully understood, then, within certain 
limitations, it has proved to be an excellent research tool with which 
to measure the solvent content of extremely thin films. The initial 
sections of the IR drying curves are vitiated by saturation of 
instrument sensitivity, but the remainder of the curves constitutes 
an excellent record of the drying process.
4. IR Drying Curves - Constant-Rate Period
A systematic series of experiments was carried out to explore the 
effect of changes in the temperature of the drying air (20 - 70 C) and 
in the jet efflux velocity (20 - 70 m/s) on the drying rate. The 
change in slope of the drying curve in the constant-rate region, 
consequent upon these changes in the condition of the drying air, is 
clearly indicated on the IR curves.
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After making allowance for the non-linearity of the IR instrument at 
the start of drying, all drying curves show that the early period of 
drying takes place at constant-rate. For the research ink used for 
most of the tests (solvent 4 methyl 2 propanol) some 80 - 90% of the 
total solvent content was removed during the constant-rate period.
In ink drying, because the solvent evaporates from a solution, then 
the experimental fact that drying takes place at constant-rate is, to 
some extent, an anomaly. Tv/o possible explanations of this anomaly 
have been presented (in Appendix 2) but further investigation of this 
behaviour is required.
The Infragauge was calibrated by carrying out a series of drying tests 
on all four gravure bands and also varying the percentage solvent 
content of the ink. Solvent deposit was estimated by weighing the 
dry ink coating. The virtual voltage at zero time was estimated by 
extrapolating the constant-rate section of the IR curves. Results 
from this calibration were self-consistent.
5. The Critical Point
Tests showed that changes in the rate of drying in the constant-rate 
period, brought about by changing either air velocity or air temperature, 
had little effect on the occurrence of the critical point. Such 
behaviour is characteristically different from that occurring in 
solids drying. A possible explanation of this phenomenon is that the 
fraction of the initial solvent content which remains unevaporated at 
the critical point, is related to the fraction of non-volatiles in the 
ink. Since a detailed knowledge of the behaviour of the critical 
point is vital for dryer design, more research would be justified to 
establish the generality of this experimental finding.
237
6. Theory of Constant-Rate Ink Drying
A theory of constant-rate drying has been developed, in which it is 
assumed that the evaporating surface takes up the "wet-bulb" temper­
ature corresponding to the temperature and humidity of the drying air. 
In developing this theory it was necessary to assess the various 
expressions of the analogy between heat transfer and mass transfer.
A theoretical criterion was developed to compare the relative evap­
oration rates of a range of solvents under standard external conditions 
For non-volatile solvents the equation for the relative evaporation 
rate r, has the simple form
2/3r = D p^ M 5.4.11
A theoretical expression was also derived for the correction factor F 
which must be applied to r, to extend the use of this concept to 
solvents of higher volatility. Comparison of the above theoretical 
criteria with published experimental measurements of relative evap­
oration rates, show reasonable agreement except at the more volatile 
end of the range.
The theory of the relative evaporation rate, under standardised 
external conditions, was extended to include the effects of changes 
in the velocity and the temperature, of the drying air. Because it 
was based on a linearised pressure/temperature relation for the 
solvent vapour, this theory was necessarily approximate. However, it 
served to demonstrate the effect of the physical variables on the 
constant-rate drying time t .
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The energy transfer rates occurring during constant-rate drying, were 
also presented in a simple graphical form, which should be useful in 
practical design work.
7. Solvent Vapour Pressure Data
Published data on the vapour pressure of the research solvent, at 
conditions appropriate to the drying experiments, was found to be both 
sparse and contradictory. The vapour pressure/temperature relation 
used in the computer program is based on the manufacturers data and 
on confirmatory experiments carried out by the writer.
8. Heat Transfer Under Impinging Jets
Theories of heat transfer under impinging jets are presently not 
developed to the stage where they can be used to yield reliable data 
for the impingement region. This being the case, experimental heat 
transfer rigs and the associated heat flux meters, have been designed 
and constructed, to measure the required values of the heat transfer 
coefficients. Because of their small size, manufacture of Gardon type 
flux meters proved to be difficult, but these difficulties were event­
ually overcome. This work suffered a set back when the calibration 
certificate supplied with a proprietory fluxmeter was found to be 
erroneous. Careful test work, on a specially constructed calibration 
rig, was required to establish the validity of the experimentally 
determined heat transfer coefficients used in this thesis.
9. The Effect of Dissolved Resin on the Drying-Rate During the 
Constant-Rate Period___________________________________________
Because of the chemical complexity of the polymer-in-solvent solution, 
it was not practical to make a theoretical prediction of the effect 
of the dissolved resin on the evaporation rate of the pure solvent.
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Instead, this effect was determined empirically, by comparing the 
slopes of the constant-rate drying curves for ink and for pure solvent. 
It was found that pure solvent dries more quickly than ink by a factor 
of approximately 1.3. Accordingly, theoretical predictions of drying 
time were reduced by a factor of 1.3, before comparing them with 
experimental results.
10. Computer Program to Predict Time of Externally Controlled Drying
Based on the theory of constant-rate drying, and incorporating the 
empirical data on heat transfer and on solvent vapour pressure, a 
computer program was written to predict constant-rate drying time.
The agreement between predictions from, this program and experimental 
drying times is reasonably good, and is consistent with the expected 
limitations of both theory and experimental technique.
11. Addition to Program for Practical Dryer Design
A subroutine has been written which may be incorporated into the 
computer program of 10 above, which allows the calculation of practical 
dryer designs. For given air conditions and slot geometry the sub­
routine calculates the average value of the heat transfer coefficient, 
h, under an array of slot nozzles. With this facility the constant- 
rate drying time, may be converted into a length of a multi-nozzle 
dryer. By this means a number of solutions may be examined, and an 
economic optimum arrived at.
12. Temperature Measurement by IR Thermometer
Despite the experimental difficulties, an IR thermometer was success­
fully used to measure the transient temperature of the ink/substrate 
system during drying. These temperature traces provide valuable
2 4 0
corroborative evidence for the theory of constant-rate ink drying 
developed in this thesis. There is good agreement between the 
magnitude of the temperature escalation at the end of the constant- 
rate period and the predicted value of the wet-bulb depression. Such 
temperature traces could be used as an alternative means of locating 
the critical point.
13. Constant-Rate Drying Tests - n Propanol
To extend the range of the research, further tests were carried out on 
a more volatile solvent, of the type used in commercial practice. Air 
velocity was varied in the range, 20 - 60 m/s and air temperature in 
the range, 30 - 60 C. Comparisons between computer predictions of 
constant-rate drying time and those measured from the experimental 
drying curves showed good agreement.
14. Cumulative Drying Effect
To extend the experimental technique, tests were carried out to 
measure the total amount of drying achieved when the ink coating 
passes under an air jet. Drying curves from the IR measuring head 
located "after" the nozzle, clearly indicated the cumulative effect 
of an increase in the air velocity and/or the air temperature.
The computer program was modified to enable predictions to be made of 
the cumulative drying effect. By subdividing the total web trcmsit 
into a series of discrete steps, the external conditions were 
adjusted to model the changing drying environment as the ink passed 
under the nozzle. In addition, the program was also used to predict 
the transient change in the ink temperature.
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If allowances are made for the rather simple theoretical model on 
which the program for the cumulative effect of drying was based, then 
agreement between predictions from it and the experimental data, are 
encouraging.
15. The Physical Mechanism of Falling-Rate Ink Drying
The research described in this thesis, appears to indicate that in 
the falling-rate region, the rate at which a film of paint dries, 
depends upon the rate at which solvent can diffuse through the polymer 
residue to the surface. A literature search has established that the 
detailed mechanism of solvent-in-polymer diffusion processes are 
complex. Diffusion coefficients are not constant, but depend upon 
solvent concentration. To provide a basis of understanding of current 
research in this field, the theory of diffusion in polymers has been 
reviewed and is briefly outlined. The free-volume theory has been 
used to derive theoretical expressions for the diffusion coefficient. 
Experimental research on diffusion through plastics, and theoretical 
deductions from free-volume theory, both lead to the conclusions that 
the diffusion coefficient is exponentially dependent upon the 
solvent concentration.
16. Theoretical Solution of the Diffusion Equation
To provide background, classical solutions of the diffusion equation 
have been briefly described. A theoretical model of the falling-rate 
period of ink-drying, based on a solution of the one-dimensional 
diffusion equation, has been developed. For this model, it was 
assumed that the diffusion coefficient is exponentially dependent 
upon the solvent concentration. With this assumption the diffusion 
equation is rendered non-linear. Because of this complexity a
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numerical solution on a computer was preferred over an analytical 
solution.
To reduce the difficulty of the solution, a subsidiary variable was 
used to transform the original equations to "S-form". Transformations 
for a "single stage" and for a "two stage" model of the diffusion 
coefficient have been derived. The numerical technique employed, a 
finite-difference method of the implicit, "Crank-Nicolson", type.
17. Computer Program to Solve the Diffusion Equation
A computer program has been developed to solve the non-dimensional 
form of the diffusion equation. Particular numerical values for the 
transport coefficients, ink thickness, etc., are not used in the 
program, only the non-dimensional parameters, D^*, Bi^ and Fo, require 
specification. An iterative technique is used to solve the non-linear 
diffusion equation.
During the initial trials of this program, difficulties were encountered 
which were traced to the stability of the iterative technique. Analysis 
of the convergence of the iterative method, showed that it depended 
upon the manner in which the recursion relation had been formulated.
This problem was overcome by incorporating two versions of the 
recurrence relation in the program.
18. Computer Solutions - The Total Drying Process
Further computational difficulties were experiences when the constant- 
rate boundary condition was used with a small value of Biot number.
In this case, numerical analysis showed that the relatively large
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number of time-steps required, cannot be reduced by making a compen­
sating increase in the length of each tirae-step.
Successful computer runs were carried out with the numerical values of 
the program parameters D^* and Big, set to give a Biot number equal to 
unity at thé end of the constant-rate period. This value of Biot 
number was selected to combine economy of computing time with good 
agreement with experiment. To demonstrate the general capability of 
the program, further runs were carried out with the Biot number at the 
end of the constant-rate period not equal to unity.
19. Computer Solutions - The Falling-Rate Period Only
Results, from both the computer and the IR curves, appear to indicate 
that the concentration dependency of the diffusion coefficient 
produces its greatest effect in the falling-rate period. Accordingly, 
later computer runs were restricted to this period. Tests were run to 
demonstrate the effect of changing the value of D^*. It was found 
that results from these tests could most conveniently be presented in 
the form of a characteristic drying curve. The shape of these curves 
shows qualitative agreement with the corresponding sections of 
characteristic drying curves derived from experiment.
To improve the agreement between computed and experimental curves, two 
final adjustments were made to the program:-
a) A more complex, 2-stage, model of the diffusion coefficient was 
adopted.
b) The Biot number at the beginning of the falling-rate period was 
reduced to a value of 0.1.
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With these modifications, the characteristic drying curves derived 
from the computer model and from experiment, are quite similar.
It should be noted, that when the computer model is constrained to 
produce good agreement with these particular experiments, it is not 
being exploited to its maximum capability. The program was written in 
a flexible manner, so that it can be used to model other behaviour and 
other conditions.
20. Analysis of the IR Curves in the Falling Rate Period - 4 methyl 
2 pentanol____________________________ '____________________________
The falling-rate sections of IR drying curves were replotted. Both a 
logarithmic scale of solvent content and a non-dimensional scale of 
time, were used in an attempt to linearise the curves. These attempts 
failed, indicating the concentration dependency of the diffusion 
coefficient. Further experiments were performed, specifically to 
facilitate a more detailed analysis of the IR curves in the falling- 
rate region. The falling-rate data was next plotted as a series of 
rate of drying curves.
Conditions at the critical point were used to normalise the drying- 
rate data, to produce a "characteristic drying curve". This normal­
isation technique proved to be extremely successful in that the 
resultant single curve was largely independent of air velocity, air 
temperature and ink thickness. Results showed that, allowing for the 
scatter of experimental points, the normalised drying curve was truly 
characteristic of a particular ink/solvent system.
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21. Theoretical Predictions of Falling-Rate Drying Time
The characteristic drying curve derived from experiment was found to 
be fairly simple in shape, and therefore it could be modelled by quite 
simple analytic functions. A family of theoretical models was 
developed. Equations for the drying time were obtained by integrating 
the equations for the drying rate.
A technique of curve fitting, was used to select the equation for the 
drying time which gave the best fit to a range of experimental data.
22. Analysis of IR Curves in the Falling Rate Region - n-Propanol
The falling-rate region of the IR curves for the faster, commercial 
solvent, n-propanol, were analysed in detail. It was found that drying 
data from this solvent was also satisfactorily correlated when plotted 
in the form of characteristic drying curve. This curve was similar in 
shape to the curve derived previously for 4 methyl 2 pentanol. However 
to achieve close agreement with the data, some slight adjustment of 
the theoretical model was required.
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12.3 The Potential of the IR Technique
When assessing the future potential of the IR Technique two differing 
view-points are possible. These depend upon whether the instrument is 
to be applied to research or to commercial practice. These two 
applications are discussed in turn.
a) Research
The non-contact principle upon which the instrument operates, makes it 
ideally suited for measurements on thin, lightweight materials. For 
the present research, the measurements of ink solvent content were 
made, without any necessity to compromise or to interrupt the drying 
schedule. It is difficult to see how realistic measurements of the 
entire drying curve could have been made in any other way. Indeed, 
whatever the nature of the specimen, the non-contact principle has 
great advantages.
The principal difficulty with the type of IR absoption instrument used 
in the present research, is the necessity, at the design stage, to 
match the wavelength of the IR beam to the absorption spectrum of the 
substance being measured. Examination of the absorption spectrum of. 
a particular solvent will show that a number of absorption bands exist. 
Relative to the band with maximum absorption,other bands with decreas­
ing absorbance (analagous to harmonics) occur at higher frequencies. 
The IR designer selects a particular harmonic so that, for a given 
thickness of a particular solvent, the instrument will operate in a 
zone of optimum sensitivity. Maintaining the sensitivity of the 
instrument within this zone, while an entire drying curve is measured, 
when the quantity of solvent in the beam changes by 2 or 3 orders of 
magnitude, is a difficult design problem.
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It must also be remembered that the present IR instrument is designed 
for a particular solvent/resin/substrate system. It will be recalled 
from section 4.1 that the IR wavelength was selected so that only the 
solvent absorbs IR strongly and both resin and substrate absorb IR 
only weakly. These conditions must be satisfied in any new system 
upon which research is contemplated, otherwise defective operation 
will result.
It is apparent that the single wavelength type of IR instrument used 
in this research is a powerful, but somewhat inflexible tool. Perhaps 
the most practical way of extending its use over a wide range of 
solvents, would be to select a limited number of solvents, each with a 
characteristic mode of behaviour. A corresponding number of optical 
filters could then be selected to suit the solvent systems to be 
investigated.
b) Use of IR instrument as a "dryness meter"
There is a great need for accurate "dryness meters" for day to day use 
on industrial presses. This would provide the fundamental data on 
dryer performance which is lacking at present. In the opinion of the 
writer, it is difficult to see, how the fixed wavelengths IR absorption 
instrument could be used for such an application in the converting 
industry. In this industry an "ink" is usually formulated from a 
blend of solvents. The ink/substrate system is changed more or less 
frequently during normal operation. The consequent wide variation in 
the absorbing properties of the material to be measured, make this 
an unsuitable application for the present type of instrument.
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The above difficulties do not arise if only a single material, of 
fixed constituency, is to be measured. These conditions are satisfied 
in the manufacture of such important products as paper and a variety 
of plastic films. The technical difficulty is to distinguish the IR 
absorption due to the "moisture", from the absorption which arises 
from the other constituents of the film. Commercial IR meters appear 
to have been satisfactorily fitted to paper making machines in the 
USA and Canada.
One possible future development of the IR absorption technique will be 
briefly described. The limitations described above arise mainly 
because detection is carried out at a single wavelength. In fact this 
limitation can be removed, IR instruments are manufactured which scan 
the specimen over the entire spectrum. An IR beam of continuously 
varying wavelength is generated by optical systems within the instrument. 
After suitable calibration, such an instrument can be used to deter­
mine the analysis of a complex system consisting of a number of 
constituents. The rather tedious calculations necessary to produce 
the final analysis can be performed on a microprocessor. At present 
such instruments are being developed for laboratory use, but it seems 
feasible that the principle could also be applied to solvent 
detection on an industrial press.
To conclude this brief discussion, an alternative method of measuring 
small quantities of solvent should be briefly mentioned, this is the 
gas/liquid chromatograph (GLC) technique. The GLC is becoming 
increasingly used by convertors, to measure the degree of final dryness 
which has been achieved. Attempts by the writer, and a colleague, 
failed in attempt to use the technique to measure a drying curve. This 
application of the GLC technique to ink drying research merits further 
study.
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12 «4 Research on Heat Transfer Under Impinging Jets
In parallel with the drying research described in this thesis, the 
writer has also carried on a program of experimental research into the 
heat transfer characteristics of impinging air jets. Although the 
writer is aware of the various theoretical models of turbulent flows 
which can, in principle, be applied to the problem of the impinging 
jet, he has not attempted such a computer solution. Briefly stated, 
the reasons for taking this decision were:-
a) The computer solution of a practical multi-jet problem would be
extremely complex.
b) It is doubtful if current turbulence models are capable of
producing accurate heat transfer predictions for the complex 
flow field under an impinging jet. The complexities increase 
at the small nozzle/plate distances used in practical dryers.
c) Computer predictions must be confirmed by experimental measure­
ments.
From discussions with designers of industrial dryers, the writer has 
concluded that their need is for quite basic heat transfer data. For 
example the effect on heat transfer of such a fundamental design 
variable as nozzle shape, does not appear to be available in the 
published literature. It is difficult for designers to apply 
published heat transfer data to the design of a multi-nozzle dryer of 
complex geometry. Designers need to relate heat transfer data to the 
capital and running costs not only of the dryer but to the entire 
plant.
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Experimental research to provide such basic data is presently being
pursued.
12.5 Future Ink-Drying Research
1) Within its stated limits, the research described in this thesis
has successfully elucidated the physical variables which control
the drying rate of thin ink films. This research should now be
extended to more complex systems.
2) It is essential that future ink-drying research should be 
related to the needs of industry. These needs arise from two 
different sections of the industry - the machinery manufacturer 
and the press operator. If possible, further developments of 
theoretical models of the drying should be related to particular 
processes occurring in industry. If possible the models should 
be validated by comparison with data taken from the actual 
process.
3) Based on the theory and the computer programs developed in this 
research, sufficient information now exists to develop a 
practical method of dryer design. The development of such a 
design method should be undertaken in conjunction with an 
industrial designer.
4) In the constant-rate region, the manners which solvents evaporate 
from a blend requires investigation. Because it does not pollute 
the atmosphere, water is becoming increasingly used as an 
industrial solvent. The effect of other constituents in the 
blend, on the rate at which water evaporates is required.
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5) Numerical values of solvent in polymer diffusion coefficients 
are required with which to convert the dimensionless results 
from the computer model of the falling-rate period into 
absolute values. This type of research can probably best be 
carried out by physical chemists.
6) Comparative heat transfer studies are required to establish the
optimum nozzle shape to minimise the capital and running costs 
of the plant. In the face of steeply rising energy costs, 
efforts must be made to achieve the same evaporative load from 
the dryer with lower air velocities and air temperatures. 
Schemes for recovering energy from the dryer exhaust should be 
examined.
7) Because of time limitations, the full potential of the computer
model of the falling rate period has not yet been fully 
exploited. Various drying schedules should be tried to deter­
mine the effect of such changes in the total drying time.
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12.6 Conclusions
A programme of research into the evaporation of organic solvents from 
thin plastic coatings has been implemented and successfully carried 
through. By means of a novel infra-red technique, the drying process 
in thin films of ink has been quantified, under conditions which 
closely approximate those of industrial air jet dryers. The 
experimental drying curves clearly show the effect on the constant- 
rate drying time of changes in the velocity and temperature of the 
drying air. These experimental drying times validate the theory of 
constant-rate drying which has been developed. This theory could be 
used as the basis for air jet dryer design.
The IR technique has also provided valuable experimental data on the 
falling-rate period. The concept of the characteristic of the drying 
has been successfully used to correlate this data. After some 
initial difficulties, a computer model of the diffusion process in 
the falling-rate period has been successfully developed. Dimension- 
less drying curves from the computer model show good agreement with 
similar curves derived from experiment.
It is considered that all aspects of this research are consistent one 
with another, thus demonstrating that the work is soundly based. It 
is also considered that the research described in this, provides a 
rational basis for the understanding of air jet dryers. It is 
recommended that future drying research be carried out in close 
co-operation with industry.
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APPENDIX 1 - METHOD OF CALIBRATING HEAT FLUXMETER
The paper by Gardon and Akfirat (Al.l) was the starting point for the 
writer's investigations into the heat transfer characteristics of 
impinging air jets. In Garden's research, jets of air at ambient 
temperature impinged normally on an electrically heated plate. Quoting 
from this paper, "The plate was made of aluminium, a good thermal 
conductor, in order to suppress lateral temperature differences in it.., 
Thus,steady-state convective heat transfer was obtained between an 
isothermal hot surface and jets of cooling air". A plot of local heat 
transfer coefficient (h^) versus lateral position was recorded by 
traversing the fluxmeter under the flow field of the jet.
In the writer's research, and using an aluminium plate of approximately 
the same thickness as Garden's, great difficulty was found in main­
taining the electrically heated surface at constant temperature during 
the traverse. The temperature variations (±5 C) arise, because the 
position of the stagnation point, which is a zone of relatively low 
temperature, is moved across the plate by the traverse. Although this 
effect is probably averaged out during the traverse, because of the 
need for accuracy when calibrating the Medtherm probe, it was decided 
to remove this source of doubt.
To achieve an isothermal surface, it was decided to heat tlie aluminium 
plate from below with saturated steam at approximately atmospheric 
pressure. Of course this change necessitated the design and 
construction of a new heat transfer apparatus, which is shown diagram- 
matically in Figure Al. Steam is supplied from a small laboratory 
boiler to an inner steam-chamber, the horizontal upper surface of 
which forms the impingement surface. The jet of relatively cold air 
blowing onto the impingement surface causes steam to condense. In the
Al. 2
steady state, the rate at which heat is transferred to the air can be 
calculated from an energy balance, if the rate at which condensate 
flows from the steam chamber is measured. The temperature of the 
heated plate may be taken to be equal to the saturation temperature
corresponding to the barometric pressure. The value of the average
heat transfer coefficient h may be calculated from the equation
Q = W hf = h A (T - T_) + lossess s A
W = condensate flow rate, kg/s
hfg = enthalpy of evaporation, J/kg
2A^ = area of upper surface of cavity, m
Tg = surface temperature
T^ = air temperature
i .  “ -‘9
To increase the accuracy of the calibration, heat losses from all 
surfaces of the inner steam chamber except the upper, must be made as 
small as practically possible. To attain this aim, the sides and 
bottom of the inner chamber were enclosed by a steam jacket. Steam 
to this jacket was also supplied by the laboratory boiler. This 
jacket effectively prevents heat transfer, because the temperature 
difference causing it, is reduced to zero. As an additional safeguard, 
the lower surfaces of the inner chamber were covered with thermal 
insulation. By these means^heat loss from the inner chamber was 
reduced to a negligible figure.
When operating the steam heated plate, care is required on the foll­
owing points:-
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1) Water carry-over from the laboratory boiler must be avoided. To 
prevent this a small water separator is required.
2) Air will collect in the steam chamber and tend to blanket the
lower side of the heat transfer surface. This may be removed if
the chamber is periodically vented to atmosphere.
3) To prevent steam escaping with the condensate, a water lock is 
required in the condensate outlet pipe. The adjustment of the 
height of this S-bend requires care to produce a steady- 
condensate flow rate.
The flux meter to be calibrated is screv/ed from below, up into the 
boss provided in the centre of the heated plate. To carry out a 
calibrationJsteam is turned on to both inner and outer chambers and 
the apparatus is allowed to attain a steady temperature. With the 
flux meter output connected to the Y terminal of an XY plotter, a
plot of h^ is then obtained by traversing the plate under the jet.
Typical Results From a Calibration Test 
Test Conditions
Nozzle width, B =3.175 mm
Nozzle to plate distance, Z/B = 8  
Reynolds number. Re = 11,000
Air temperature, T^ = 28.5 C
Plate temperature, T^ = 100.0 C 0 = (T^ - T^) = 71.5 C




lO CO in 1 minute 37.5 sec. (Two measurements identical) 
W = 1.025.10 ^ kg/s
Enthalpy of evaporation (from tables at 1 bar) hf^ = 2.258.10^ J/kg 
Q = W hf = 2.258.10^.1.026.10“^ = 231.67 Wg
Heat Transfer
W hf 231.67
^ " r - f -  = 0.01388.71.5 = K
The heat flux distribution obtained from the Gardon Probe is shown in 
Figure A2.2. The ratio of h^/h used below is taken from that Figure.
h at stagnation point, h^ = 233.44 = 233.44 = 504 W/m^ K
h
Comparative Checks
a) With Garden's Figure 2, reference (Al.l)
h B
Nusselt number at stagnation point, Nu^ = = 59
= ^ 0 . ' o 0 3 l ÿ f ^  = ^
It can be seen that the value of the stagnation point heat transfer 
coefficient, h^, determined using the steam heated plate, agrees, 
within acceptable experimental error, with Gardon's data.
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Flux meter Calibration (Medtherm probe) 
At stagnation point
Probe output (from Figure, A2.2) e = 2.85 mV 
Heat flux, q = h^ 6 = 504 . 71.5 = 36,036 W/m? 
Probe calibration, K = “ 12,600 W/m^ mV
This value of K is 1.99 times larger than the value given in the 
Medtherm test certificate, see equation 6.3.3.
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APPENDIX 2 - SOLUBILITY IN CONSTANT-RATE INK DRYING 
Solubility of a resin in a solvent
A resin is dissolved in a solvent to produce a solution whose viscosity 
is sufficiently low to allow it to be printed. According to Billmeyer 
(A2.1)* "Dissolving a polymer is a slow process occurring in two stages, 
First, the solvent is slowly imbibed into the polymer to produce a 
swollen gel. In the second stage, the gel gradually disintegrates into
a true solution  Solubility relations in polymer systems are more
complex than those among low molecular-weight compounds".
Ideal solutions may be defined as those which obey Raoult's Law
Pi = X, Al.l
Pol ^
p^ = partial vapour pressure of solvent above solution 
p^^ = saturated vapour pressure of pure solvent 
x^ = mole fraction of solvent
Unless they are extremely dilute, few solutions behave ideally, but 
the form of Raoult's Law may be retained
Pi = a, = Yt 3? A1.2
Pol : : 1
a^ = activity
Y^ = activity coefficient
* References appear at end. of Appendix.
A2.2
It was pointed out in section 5.6 that experimental drying curves 
appear to indicate that the partial pressure of the solvent vapour 
remains roughly constant during the early stages of evaporation.
Since during this period the mole fraction of solvent, x^, is decreas­
ing, such behaviour is not consistent with equation Al.l. There 
appear to be two possible explanations:-
1) The ink, a mixture of resin and solvent, may not behave as an 
ideal solution. This is not surprising in view of the complex 
nature of the resin molecule. However in addition to any non­
ideal behaviour, it is even possible that the resin is not 
completely dissolved. In this case, the polymer might exist as 
isolated particles of swollen get suspended in a liquid which is 
essentially pure solvent. In view of the difficulties inherent 
in dissolving high polymers, this hypothesis appeared to be a 
plausible one and accordingly it was referred to the technical 
department of the resin manufacturer. Their opinion was that 
the resin and solvent should form a true solution.
2) The mole fraction of the solvent remains approximately constant. 
That this does happen, in spite of significant variations in the 
mass fraction of the solvent, can be seen from a simple 




Mass Fraction Moles Mole Fraction
Solvent Resin Solvent Resin Solvent Resin
O 0.80 0.20 0.00748 0.0001 0.987 0.013
25 0.75 0.25 0.00701 0.00013 0.982 0.018
50 0.67 0.33 0.00626 0.00017 0.973 0.027
75 0.50 0.50 0.00467 0.00025 0.967 0.033
Molecular weight of solvent = 107 
Assume, molecular weight of polymer = 2,000
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Although, to the writer, both of the above suggestions appear to offer 
reasonable explanations of the linear nature of the drying curves, 
further research is necessary before the problem can be considered to 
be resolved. Unfortunately, the resources necessary to devote to it 
have not been available. Finally, it may be noted, that .other research 
into this topic, such as Reynolds (A2.2) and by the Shell Company (A2.3) 
has also shown that, in the constant-rate period, resins have virtually 
no effect on the solvent evaporation rate.
Solvent blends
In practice "inks" and surface coatings are formulated from a blend of 
solvents. The solvents are selected for their ability to dissolve the 
resin(s) and, by virtue of their evaporative characteristics, to 
produce a coating with the required physical and aesthetic properties. 
The rate at which individual solvents evaporate from the blend during 
the drying process is of significance to the ink-maker. The prefer­
ential evaporation of one solvent may upset the "solubility balance" 
and cause non-uniform precipitation and other undesirable effects.
It is also of significance that those solvents which remain behind 
during the early stages of drying, may well be the solvents which give 
rise to retention problems in the later falling-rate period of drying.
Equations can be developed, Sarnotsky (A2.4), for the rate at which a 
single component evaporates from a blend, if the following assumption 
is made. The evaporation rate of each component in a mixture is a 
product of the evaporation rate of the pure component and its relative 
concentration. Of course the total evaporation rate is the sum of 
the contributions of the individual components.
A2.4
In an extremely useful publication (A2.5), The Shell Company, draw 
attention to the marked deviations from Raoult's Law exhibited by 
solvent mixtures in practice. Industrial solvents are sub-divided 
into three characteristic groups in terms of their non-ideal 
behaviour in solution. Empirical graphs of activity coefficient are 
presented for each of the three characteristic solvents groups. This 
data, together with the assumptions of the previous paragraphs and 
the "Relative Evaporation Rate" of individual solvents from the Shell 
Thin Film Evaporometer allows the progressive evaporation of a solvent 
blend to be calculated. Because the relative concentrations of 
components continuously change as evaporation procédés a step-by-step 
calculation is required. It is apparent that the calculation method 
could be readily programmed for computer solution.
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APPENDIX 3 - LISTING OF COMPUTER PROGRAM FOR EXTERNALLY CONTROLLED DRYING 
Note: The flow chart for this program appears as Figure 6.8.
Meaning of Symbols in Program
The following endings to symbols denote
p - plastic 
pig - pigment 
sol - solvent
vap - vapour
al, a2 etc dummy variables for calculation
alpha thermal diffusivity, = k/pC^








diffusion coefficient, solvent in air
density of air
wet bulb depression
change in solvent mass











heat transfer coefficient at stagnation point





A 3 . 2
hdovrh psychrometric ratio
latent heat vapourisation of solvent J/Kg






mass transfer flux 
mass transfer flux 
mass
molecular weight solvent 





nuo Nusselt no. at stagnation point (hB/k)
pvapb
pbbar
saturated vapour pressure solvent







heat transfer flux w/m
energy equivalent of mass transfer J
heat transfer during time step J










initial drying time (see equn 6.7.6) 
constant rate drying time (see equn 6.7.9)
A3. 3
ttotal (see equn 6.7.10)
ts ink surface temperature
ve air velocity at nozzle exit m/s
vis viscosity of air • kg/m s
A 3 , 4
predict time of externally controlled drying
constant rate drying calculation — 12 march 1976 
crdryO dec 1979
real ma,konc1,konc2,kon,ms,nuo,Mdot,massi,masse,mdoth,Mdotd , 
Xminki,Mplast,M5oli,Hsol,Mp,mcpp,Hcpsol,Mcp,mpig,mcppig
properties of dry air
ma = 28.96 
ra = 287,1
tamb = 15.0+273.0 ,
si units j and watts used
cpct = 1004.9 
cpc2 = 0.086 
visci = 0.1846 e -4 
visc2 = 0.44 e -7 
koncl = 0.02624 
konc2 = 0.741 e-4
properties of solvent mibc
c = 6.0 
h = 14.0 
0 = 1 . 0  
sgsol = 0.808 
cpsol = 2730.0 
hfg = 428000.0
coating params 
frasol = 77.0 
thki = 11.3 
frasol = frasol/100.0
frapig = 1.0-frasol
COMslovrts f c f
chevnical o f SoWewt
specify 1iv\V: AlûcV: kM tS
msoli = thki*1.0 e-6*1.0 e+3*frasol*sgsol 
pig means (pig+resin) 
sgpig = 1r1 
cppig = cpsol
«pig = thki*1.0 e-6*1.0 e+3*frapig*sgpig 
mcppig = Mpig*cppig
thkp = 25.0 
sgp = 0.92 
cpp = 2350.0
mp = thkp*1.0 e-6*1.0 e+3*sgp 
Mcpp =- mp+cpp




3 format(1 hi,5x,'constant rate drying',5x, 'thk=11.3 ' )
A3 .5
do 9 i ta  = 20,100,10 
ta = ita  
ta = ta+273.0
do IcDp cn o\r ietvkperaW't
write (0,4)
4 format(1hO,7x,'air v e l ' , 3 x , ' a i r  temp',2x, 'surf temp',1x, . 
&'hx ' ,8x , 'qdot ' ,6x , 'hdx ' ,7x , 'm dotd ' ,5x , 'm doth ' ,5x , 'd ' ,9x , ' t1 ' ,8x ,  
& ' t 2 ' , 8 x , ' t o t a l ' )
do 10 ive = 10,60,10 ^  
ve = ive
Msol = msoli 
time = 0.0
dtime = 0.46-(0.006*ve)  
ts = tamb
1 continue
t f  =<ta + t s ) /  2.0
vapour properties 
rmol = 8314.3
ms = 12.0 ♦ c +1.0 * h + 16.0 ♦ o 
rvap = rmol /  ms
pvap = exp(27.996-(6544.0/ts)) 
denvap = pvap /(rvap * ts)
diffusion coefficient
a1 =(1.0/ma + 1.0/ms) ♦ * 0.5 
a2 = 0.001 ♦ ( t f  * * 1.75) * a1 
sigmav = 16.5 *c + 1.98 * h + 5.48 $ o 
a3 = 20.1 0.333 + sigmav **  0.333
a3 = a3 **  2.0 
d = a2/a3
d - d* 1.0 e-4
transport properties of air
cp = cpci + cpc2 * ( t f  -  300.0) 
vis = visci + v isc2*(t f  -  300.0) 
kon= koncl + konc2*(tf -  300.0) 
denair = (1.013 e+5 - pvap) /( ra*t f)  
alpha = Kon /  (denair * cp ) 
pvapb = pvap/1.013 e+5 
a1 = 1 .0 / (1 .0~pvapb) 
pbbar = pvapb/alog(a1) 
pratio = 1.0/pbbar
wet bulb temp ts
a1 = (d /alpha) ** 0.666 
a2 = 1.0/(denair $ cp) 
hdovrh = a2*a1
hdovrh = hdovrh * pratio
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evaluation of ho
ree = (ve ♦ b * denair)/  vis 
a1 = (1.0/zoverb) ** 0.62
aW WO
nuo = 1.2*(ree**0.58)+a1 
ho = kon * nuo /  b
h at i r  spot
hxovho = 0.2 
hx = ho*hxovho
pure solvent dries 30% faster than ink 
hx = hx/1.3
transfer rates 
qdot = hx * ( ta - ts )  
qh = qdot*dtime
mass transfer
hdx = hx*hdovrh 
M d o t d  = hdx*denvap 
dnass = Mdotd+dtime 
q d  = dMass*hfg
Mcpsol = Msol*cpsol 
Hcp = Mcppig+Mcpp+Mcpsol 
temp change
d t e n p  = ( q h - q d ) / M c p
ts2 = ts+dtemp 
Msol = Msol-dmass 
time = time+dtime 
err = abs(ts2-ts) 
ts = ts2
i f ( e r r . I t . 0.1) go to 2 
go to 1
2 continue
t l  = tine
deltl = hdovrh*denvap*hfg 
delt2 = ta-ts  
ts = ta-delt1 
qsol2 = MSol*hfg 
qdot2 = hx*delt1 
Mdoth = qdot2/hfg 
t2 = qsol2/qdot2 
t to ta l  = t l+ t2
ta = ta-273.0 
ts = ts-273.0
w r i te (0 ,5)ve,t a , ts,hx,qdot,hdx,Mdotd,Mdoth,d,t1,t2,ttotal  




9 continue - 
stop
ST
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APPENDIX 4 - LISTING OF A COMPUTER PROGRAM TO CALSULATE THE CUMULATIVE 
DRYING EFFECT OF A SINGLE NOZZLE
Note
1) This program was derived from the program listed in Appendix 3
2) The structure of the program and the meaning of the symbols, 
are similar to that of Appendix 3.
A 4 . 2
CuMAuWwc Dryjv^ af Cl VioT.zl'C
d&vwcd ‘pfÛ̂îTUM vw Â pS44di% 3
c
c constant rate drying calculation —12 march 1976 
c intdry 25 sept 79
c
real ma,koncl, konc2,kon,ms,nuo,«dot,massi, masse,mdoth,«dotd ,
ÎHinki,mplast,msoli,«sol,mp,mcpp,mcpsol,MCp,ttpig,mcppig
c
c properties of dry air
c
ma = 28.96 
ra = 287.1 
tamb = 15.0
c
c si units j  and watts used
c
cpci = 1004.9 
cpc2 = 0.086 
visci = 0,1846 e - 4  
visc2 = 0.44 e -7 
koncl = 0.02624 
konc2 = 0.741 e-4
c
c properties of solvent n propanol
c
c = 6.0 
h = 14.0 
0 = 1.0 
sgsol = 0.808 
cpsol = 2730.0 
hfg = 428000.0
c
c coating params ' <? *r ‘ , il . \
thki = 6.6 \ v \ K  4%iC<vkC.sS
frasol = 77.0 
frasol = frasol/100.0
frapig = 1.0-frasol
msoli = thki + 1.0 e-6+1 .Oe+3+frasol*sgsoi masses aŷ d Spec. Heats
sgpig =1. 1  
cppig = cpsol
mpig = thk i*1.0 e-6*1.0 e+3*frapig*sgpig 
mcppig = mpig+cppig
thkp = 25.0 
sgp = 0.92 
cpp = 2350.0






3 f OT'Mnt f 1 hi . . "niMitl -,ti vp drying effect/' .5x . 'thk=6.6' >
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do 9 ita = 20,70, 10 < --- ;------------- ---- - -------- ------------ -----  do Icrp  CM CWT




4 for«at(1h0,7x,'air vel ' ,3x, 'a ir  temp',2x,'surf temp',1x,
&'hx',8x,'qdot' ,6x, 'hdx',7x,'Mdotd',5x,'frad',5x,'t1' ,9x,'t2a',8x,
i ' t2 ' ,8 x , ' to ta l ' )  . , . , ^
do 10 ive = 10,60,10 < ------   — ----------  do locp 0 >\ x e lo u y
ve = ive
c
c calk of time step
time = 0.0 
xtot = 0.2 
spaces = 10.0 
dx = xtot/spaces 
«speed = 0.3 
dtime = dx/wspeed
xt = xtot+(dx/10.0) ^
msol = msoli 
ts = tamb
1 continue 
t f  =(ta + ts) /  2.0
vapour properties 
rmol = 8314.3
MS = 12.0 * c +1.0 * h + 16.0 * 0 
rvap = rmol /  ms
pvap = exp(27.996-6544/(ts+273)) 
denvap = pvap/(rvap*(ts+273))
c   diffusion coefficient
a1 =(1.0/ma + 1.0/ms) * * 0.5 
a2 = 0.001 * ((tf+273) * * 1.75) * a1 
sigmav = 16.5 *c + 1.98 i h + 5.48 + o 
a3 = 20.1 ** 0.333 + sigmav $* 0.333 
a3 = a3 *+ 2.0 
d = a2/a3 
d = d* 1.0 e-4
c
c transport properties of air
c
cp = cpci + cpc2 *t f
vis = visci + visc2*tf
kon= koncl + konc2+tf
denair = (1.013 e+5 - pvap)/(ra*(tf+273))
alpha = kon /  (denair * cp )
pvapb = pvap/1.013 e+5
a1 = 1.0 / ( 1.0-pvapb)
pbbar '= pvapb/alog(a1 )
pratio = 1.0/pbbarc
c wet bulb temp ts
c
a1 = (d /alpha) ♦♦ 0.666 
a2 = 1,0/(denair * cpl 
hdovrh = a2*a1 
hdovrh = hdovrh t pratio
c
c evaluation of ho
c
ree = (ve + b * denair)/ vis 
ell = V1 cO/zoverb) ** 0,62
nuo = 1,2*(ree**0.58)*a1 





















X = tiHe*wspeed 
i f ( x . l t . x t )  go to 66 
dtime = 0.46-(0.006*ve) 
go to 64
continue
hxovho la change with x
i f ( x .g t .0.0875) go to 61 
hxovho=0.2 +4.857*x 
go to 60
i f ( x .g t .0.1) go to 62
hxovho=0.625+(30,0*(x-0.0875)) 
go to 60
i f ( x .g t . 0.1125) go to 63 
hxovho=1.0-(30.0*(x-0.1)) 
go to 60
i f (x .g t .x t )  go to 60 
hxovho=0.625-(4.875*(x-0.1125))
continue
i f ( x .g t .0,1) go to 65




t l  = time
fracl = («soîi-msol)/Msoli 
continue 
h at i r  spot 
hx = ho*hxovho
pure solvent dries 30% faster than ink 
hx = hx/1.3
V4io\J&4
Vicdit W m s ^  c U o w ^
VOVHx CL
m r  c k o M ^ c o  untv, DC,
A 4 . 5
transfer rates 
qdot = hx * (ta-ts) 
qh = qdot*dtirte
mass transfer
hdx = hx*hdovrh 
mdotd = hdx*denvap 
dmass = mdotd+dtiMB 
qd = dmass*hfg
mcpsol = Msol*cpsol 











i f ( x . l t . x t )  go to 1
i f (t ime.l t . t1)  go to 1
i f ( e r r . I t . 0.1 ) go to 2 
go to 1
2 continue .
deltl = hdovrh*denvap*hfg 
delt2 = ta-ts 
ts = ta-delt1 
qsol2 =■• Msol*hfg 
qdot2 = hx+delt1 
mdoth = qdot2/hfg 
t2 = qsol2/qdot2
go to 11 
8 continue
t2 = 0 
11 continue
t2a =. time-tl 
ttotal = t2+t2a
jCMe/̂ y balouce
is  «1145it di^avtct,
CCfVA?>Wd[ ydie,
write(0,5)ve,ta , ts,hx,qdot,hdx,mdotd,fracl,t1,t2a,t2,ttotal 
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APPENDIX 5 - EARLY LISTING OF COMPUTER PROGRAM TO SOLVE DIFFUSION 
EQUATION ________________________
Note
1) The flow chart for this program appears as Figure 10,1.
2) Comments on program operation appear on the later version 
listed in Appendix 6.







S O L V E S  D i n C M S l O N L E S S  D I F F U S I O N  E Q U A T I O N ,( C R A N K  P 2 0 8 )
U S E S  e x p o n e n t i a l  D , D1 = DO E X P ( K C )
T H E  AliOVE IS T E R M E D  T H E  C S I M P L E  C A S E  C ' .
R E A L  K ■ <
‘ . d i m e n s i o n  D C 1 0 ) . O P ( 1 0 ) > O G ( 1 0 ) i S ( 1 0 ) , S P ( 1 0 ) , S G ( 1 0 ) , X ( 1 0 ) , C ( 1 0 > ,  
1 ERRoR(io) . \
S P E C I F Y I N G  FD P A R A M E T E R S  '
I N T S X  = 8 ' • • :
F 0 = 1 .0
D I r I . O  E + 4 ' -A . ;P A R A M 1 = 0 . 5
T 0 L  = 0*1 ; ’
S P E C I F Y I N G  D I F F U S I O N  C O E F F I C I E N T
D C 1 = 1 .0 E + 6 r V
K s a l U G ( D C I )
. £K = E X P ( K )  - 
E K 1 = E K - 1  ' ‘
I N I T I A L C O N D I T I O N S
J = 0
T = 0 . 0C l = 0 - 7 5
L = I N T S X + 1
L 1 = L + 1X I N T S = I N T S X
D E L X = 1 / X I N T S
/
X(.1 ) = 0 - 0  
DO 1 1 = 2 , L 
1 X ( I ) = X ( I - 1 ) + D E L X
• DI = E X P ( K * C I )  o  ' ' * T 'S1 = ( D I - 1 ) / E K 1  . • ■
00 2 1 = 1  , L1 V
D ( i ) = D i  ' ■ .
2 S ( I ) = 5 I  ■ , - •
W R I T E ( 6 , 1 0 1 ) 0 1 , SI
101 F O R M A T C l i n  , 5 X , 2 E 1 5 . 6 )  :
W R I T E ( 6 , 3 )
3 F O R M A T (1 H O . 5 X . ’X = 0 » ,8 X , * X = 0 « 1 2 5  » ,8 X , ’X = 0 - 2 5 * »8 X , * X = 0 , 3 7 5  » ,3 X ,
1 •X = 0 .5 * ,8X, »X = 0 - 6 2 5 *  ,8X, *X = 0 . 7 5 % 8 X ,  *X = 0 - 8 6 5 »  ,8X.
2 * X = 1 - 0 * )  .. .
F I R S T  G U E S S  AT D A N D  S F O R  I T E R A T I V E  S O L N  OF FI N  D I F F  E Q U A T N S  ‘
A DO 5 1 = 1 , L , - : i ' /i
•i D G ( I ) = D ( I )  ■ \ - Y , ' . ' . ’5 S G ( i ) = S ( l )  '
D G ( L + 1 ) = D ( L - 1 ) - '  ̂ '
S G ( L + 1 ) = S ( L - 1 )
D L L T  = F 0 + ( D E L X * * 2 > / D ( L )  . ̂  ‘I T E R  = 0 .
F I N I T E  D I F F E R E N C E  E Q U A T I O N S
F I N I T E  D I F F E R E N C E  E Q U A T I O N S








































6 A = ALOli( (S(1 ) * E K 1  >+1) 
I F ( J - G T . O )  GO TO 22 
A = 0 . 0  
22 C O N T I N U E  P R I N T , AS U = S ( 2 ) - ( D I * 2 * D E L X * A ) / E K 1  
PRINT,SO
A 1 = A L 0 G ( ( S G ( 1 ) * E K 1 ) + 1 )
PRINT,A1S P 0 = S G ( 2 ) - ( D I * 2 * D E L X * A 1 ) / E K 1  
P R I N T , S P Ü
A = S ( 2 ) - 2 * S ( 1 ) + S 0  
PRINT,A
A 1 = S G ( 2 ) - 2 * S G ( 1 ) + 5 P 0  
P R I N T , A 1
A 2 = D E L T / ( 4 * ( D E L X * * 2 ) )
P R I N T , A 2
S P ( 1 ) =  S ( 1 ) + A 2  * ( D G ( 1 ) + D ( 1 ) )  * < A 1 + A )  
P R I N T , S P C 1 )  . : "
G E N E R A L  I N T E R N A L  P O I N T
DO 7 1= 2w.L— ' ' . ^  -
A = D E L T / ( 4  * ( D E L X  ** 2))
P R I N T , A
A = A * (DG ( I ) +  D ( D )
P R I N T , A
A 1 =  S G ( I + 1 )  - 2 * S G ( I ) +  S G ( I - I )  
P R I N T , A 1  '
A 1 =  A1 + S ( I + 1 )  " 2 *  S ( I ) +  S ( I - 1 )  
P R I N T , A 1  • 'S P ( I ) = S ( I ) + ( A * A 1 )
P R I N T , S P ( I )
7 C O N T I N U E
S U B S T R A T E  B O U N D A R Y  
S P ( L + 1 ) = S P ( L - 1 )
FINDING L A R G E S T  
GUE9C
E R R O R
A L S O  B E T T E R  S S  FOR SGS 
E R R O R  ( 1 ) =  S G ( D -  5 P ( 1 )  
S G ( 1 ) = S P ( 1 )  + P A R A M 1  ★ E R R O R ( I )  
ERRoRCI) = E R R 0 R ( 1 ) / S P ( 9 )  
E R R 0 R 1 = A B S ( E R R 0 R ( 1 ) )
DO 1= 2, LE R R u R ( I ) = S G ( I )  - S P ( I )  
S G ( I ) = S P ( I )  + P A R A M 1  ★ E R R O R ( I )  
E R R 0 R ( I ) = E R R 0 R C I ) / S P ( 9 )  
E R R 0 R 2 = A B 3 ( G R R 0 R ( I ) )
IF ( E R R 0 R 1 • G T . E R R 0 R 2 )  GO TO 8 
E R R u R l  = E R R 0 R 2  3 C O N T I N U E
22 IF (E R R 0 R 1 . L T ^ T Ü L )  GO  TO 11
C A5.4
C C A L C  OF N E W  DC S
83 ÜÛ 9 I = 1 » L
84 Ü Ü ( I )  = ( 5 G ( I )  * E K D + 1
85' P R I N T , 3 G ( I )  , E R R O R C I )
C ' "56 9 C O N T I N U E
87 S G ( L + 1 ) = S G ( L - 1 )
58  0 G ( L + 1 ) = D G ( L - 1 )
89 * I T E K = I T E R + 1
90 W R I T E C 6 , 1 0 2 ) I T E R
91 1 0 2  F 0 R ( î A T ( 1 i l 1 , 5 X e » I T E R  = M 3 )
92 GO TO 6 ■. . . .  ^
, C R E C O V E R I N G  C O N C E N T R A T I O N S -
93 11 C U A R = 0 - 0
94 DO 12 I = 1 , L95 D ( I ) = ( S C I ) * E K 1 ) + 1  . ;
.96 C ( I ) = A L 0 G ( D C I ) ) / K'97 12 C O A R = C D A R + C ( I )
V8 R L = L
9 9  C O A R  = C D A R / R L  '
C100 W R I T E ( 6 , 1 5 ) J , T
101 15 F 0 R M A T C 1 H 1  ,5X, ' %  I 4 , 5 X ,  *T a  % F 1 4 . 8 )
10 2  W R I T E ( 6 , 1 6 )  ( D (I ) , 1 = 1 , L)
103 16 F O R M A T ( 1 H 0 , 9  E 1 4 . 6 )  /. " T
1 0 4  W R I T C ( 6 , 1 7 >  (S CI) , 1 = 1 , L)
105 17 F Q R M A T ( 1 H 0 , 9  E 1 4 . 6 )
C
1 0 6  W R I T E ( 6 , 1 S )  ( C C D  ,I = 1,L )
1 0 7  18 F O R M A T C 1 H O ,  9 F 1 4 . 5 )
- c1 0 3  T = T + D E L T
1 0 9  J = J + 1
1 1 0  DO 20 1 = 1 ,L •
111 D P ( I ) = ( S P ( I ) * E K 1 ) + 111 2  S C I ) = S P ( I )
11 3  20 0 ( 1 ) = D P ( I )
1 1 4  I F ( J . G T . I O O )  GO TO 21
1 1 5  G O  TO 4
1 1 6  21 S T O P
1 1 7  E N D
SENTRY
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APPENDIX 6 - LATEST LISTING OF COMPUTER PROGRAM TO SOLVE DIFFUSION 
EQUATION ____
Note
1) The flow chart for tliis program appears as Figure 10.1
2) Comments on program operation appear on the listing.
Meaning of symbols used in the program
al, a2 etc Dummy variables used for calculating








Concentration at grid point i, j 




Surface concentration at critical point 










D* at grid point i, j 
D* at grid point i, j + 1 
Guessed value of dp(i) 
Initial value of D*













ekl (ek - 1)





Number of X intervals
An index, either 1 or 2. Selects either constant-rate 
or falling-rate boundary condition
An index, either 1 or 2. Selects the form of the 




Exponential index of diffusion coefficient 
Number of steps between printing
m
paraml
Value of I at substrate boundary 
Index to control printing 
Parameter in recursion relation 






S at grid point i, j 
S at grid point i , j + 1 
Guessed value of sp(i)
Initial value of s
Hypothetical value of s at surface, j
A6.3
spo Hypothetical value of s at surface, j + 1
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A6.11
Amendments to Program to Produce 2 stages of Falling Rate Drying
Remove lines 32-37 and insert
cdash =0.5
del = 10.0 (say)
k = alog (del)/cdash
ek = del
ekl = ek - 1
hi = ekl - (k * del * edash)
h2 = ekl + (k * del) * (1 - edash)
Remove lines 85 and 86, and insert
di = exp(k * edash) 
si = 1.0
Remove lines 182 to 184, and insert
if (e(l). It.edash) to to 200
a5 = (r * bi * 2.0 * delx)/del 
so = s/2) - a5 * (s(l) - (hl/h2)) 
spo = sg(2) - a5 * (sg(l) - (hl/h2)) 
go to 201
200 continue
a5 = (r * bi * 2.0 * delx)/h2
so = s(2) - (a(5) * alog((s(l) * h2) + 1))
spo = sg(2) - (a(5) * alog((sg(l) * h2) +1))
201 continue
A6.12
Remove line 274 and insert
if(c(i).It.cdash) go to 210 
dg(i) = del 
to to 211
210 continue
dg(i) = (sg(i) * h2) + 1
211 continue
Remove lines 295 and 296, and insert
if(c(i).It.cdash) go to 220 
dp(i) = del
cp(i) = ((sp(i) * h2) - hl)/(k * del) 
go to 221
220 continue
dp(i) = (sp(i) * h2) + 1  
cp(i) = alog (dp(i))/k 
211 continue
A7.1
APPENDIX 7 - Aiq ATTEMPT TO REDUCE COMPUTING TIME IN THE CONSTANT-RATE 
PERIOD WHEN D^* IS LARGE AND Big = 1
Under these conditions, the concentration gradients are small and 
concentrations change little during a single time-step. It therefore 
appeared possible to compute only a small number of steps, and then to 
use this computed data to predict future S-values by means of an 
extrapolation process. At each grid point, the change in S-value for 
10 time-steps of normal computation was used to evaluate the average 
time derivative of S over the 10 steps. Using this gradient, linear 
extrapolation was used to predict the S values a further 90 time-steps 
in the future. Computation started again from the predicted values 
and the sequence of computation followed by extrapolation could, in 
principle, be repeated indefinitely. In practice^operation was not 
satisfactory. The profiles predicted by the extrapolation technique 
contained slight irregularities, which became further exaggerated as 
the sequence continued. Eventually instability occurred and failure 
ensued. After making a number of attempts to remedy the difficulties 
further work on this method was discontinued.
A8.1
APPENDIX 8 - DRYING RATE DATA EXTRACTED FROM IR DRYING CURVES 
t = Drying time, s
t - t^ = Drying time measured from critical point, s
V = Infragauge voltage
Av/At = Drying rate (by differencing) , V/s
= Virtual voltage at zero time 
f = Relative drying rate, m/m^
(j) = Relative solvent content, X/X^
A8.2
DATA FOR FIACRE U.3 FctiUng Rale ^fymj
Data extrac1e<^ -frowi Fl(\ U.2
L = 1 B a n d  I ^l\} ̂  \ L =  ) 2  "Vl?-<=< /4-03
t “tc V f 4> t ' T c V ■? 1 f?
0*0 2 0 •t3 l o \‘0 o 2-25 0 i'O
I 1 4 5 •55 •87 •75 i l«b 0*5 ‘T!
2 10 •45 •11 •5 2 1-2 1 0 •S3
3 0-7 •3 •4g •35 3 l-O 1*5 •44
4 ô*ê> .1 •95 •3 4 • ss 2 0 •SS
5 Ô-S •l •95 •25 5 •78 2*5 •35
G 0*45 •05 •OS •225 6 •75 3*0 •33
7 0-4 •05 •OS '2 7 •7 3*5 •31
9 Ô'SS •02 •03 •19 S •6S 4*0 *30
9 0 3 5 •63 •05 MS 9 'G ^ 4*5 •27
10 0 3 3 •02 •03 - a 10 •55 5 •24
V5 0'26 *0\ •Cl M 3 15 •5 n s •2 2
2 0 0*2 •004 •008 •l 2 0 •4 10 M S  j
1
11*3 BavNci 3  ^/{? ^/% 9 3 L =  13-8 B a n d  4  ' M ?  V4 S7 1
t - t c V ‘‘V i t f 4) t “t c V •P 1
0 3-2 0-0 1 0 ô 4-0 0- 0 1*0 1
\ 2 ‘5 •34 •7S 1 3*5 •23 •8S
2 2-2 •(o% '69 2 3*0 • 4 4 •75
3 1*85 1 0 2 •5S 3 2*7 •69 •68
4 USB i-3b •48 4 2*5 •9 • 63
5 1*45 I'll •45 5 2*25 î*l5 •56
6 1 3 2*04 •4 4 2 0 l*SS ‘5
7 125 2-4 •39 7 U 9 l‘6 '48
g Il % 2-7 •37 g fS l*S •45
9 Il *5 3-1 •3t 9 u i 2*1 • 4 3
10 \'05 3*4 •33 10 1*65 2*3 ,41 j
15 10 •25 15 1*35 S‘4 •34 I
2 0 •7 •22 2 0 1*25 ~^s7|
___ _
A8.3
DAT A For, Picture 11.6 E((ect cf Air* Velocity on "Drying Qole
Data evftraĉcd -frorn FlCi U.4
Vo=2l S 50 w(s -izs 40 m/s (]%.% = '22S
t V V̂At f .Hl V P 4>
2-5 19 •35 2 15 8*25 *38
215 G'5 5-3 •29 1*0 a-0 I'lS 4*8 *33
3 0 5 25 S3 •23 1*0 3*25 6*0 4*6 •28 1*0
3 25 4-1 4*6 •18 • so • s 3*5 4*9 4*4 *23 •96
3 5 31 4 *0 44 •15 •61 3*15 3 "85 4*2 *12 •91 •3
3-15 2 4 2*S *11 '53 •49 4*0 3*1 30 Ml», •65 •61
4-0 t?5 2*2 *08 •42 •36 4*25 2*4 2*2 •Il *61 •49
4.-S IMS l*U- •05 •26 •22 4*5 v*9 2-0 •087 '43 •19
S-o OS ‘7 •035 M3 •IG 4*75 1*5 1*4) •667 *35 •s
5 5 O'G '4 *027 •08 •12 5*0 1*2 \̂2 •055 '26 •24
t-0 0 65 *3 •02 *0b •09 5*5 0*85 *7 *639 *15 •17
6*5 •55 ‘3 •026 •07 •32
7*25 •45 *67 1 •31
%*25 *35 *053 •24-
N/o=2l-8 30 wi/s C%o)t ='2ï5 Vô 2\*g 20wi/s (X̂ Ĵ ~*22S
t V f "L V % 4)
3-75 775 5*0 815
4 0 fc‘9 3*6 5*25 1*5
4-25 5-9 4*0 •27 5*5 6-9
4*5 5-1 S-6 •23 •97 575 b'3
415 4 25 3*3 •\9 •S9 •S4 6*0 5*65 2*5 1*0
So 3-5 3*0 M6 •*1 •71 6*25 508 2-3 •92
S'25 2'9 2*4 '13 •fcS •5» 6*5 4*55 2-2 *21 *88 •93
S'S 2'45 IS Ml *49 •49 6*15 4*05 20 *19 •8 •34
5-15 2-0 l*S •092 •49 •41 7*0 3* t 1*8 •17 •12 •76
G o 1-1 1*2 •07 S •32 •35 1*5 2*8 1 • G MS *64 •SS
6'S 1-2 1*0 •055 •17 •24 8*0 2-\5 '•3 *6l *52 •44
7-0 b 9 O'k •041 •IG MS 9*0 1-4 •75 *o64 •3 •IS
7-5 0-75 6*3 •034 •OS •IS lo-o 1*0 •4 •o46 •16 •2
ll‘0 •15 •15 *034 *l . .
A8.4
DATAs FOR F\QORE U*7 Effect cf A\tr tcvwperôture on Drym^ Rate
Data extracted from Fiq. W.S
Vo-22S  GO C (^ , \= -2 7 S 50  c  (y\(o)c“
t - t g V "Va I: % 0 f 4) t-%c V -P
O'O 6 3 •34 l o 0-0 5-8 3-S •275 V* 0 1*0
Ô-25 5-05 S-O •28 1-0 1-0 0-25 5-0 4-0 •23 •84 •9S
OS 4 0 5 4-0 •275 •8 •8 0-S 4-25 3-0 •19 •19 •%4
0-75 3 25 3-2 1% *64 •64 0-75 3-G 2 6 *n *6g *69
10 2 t 2- t •14 •52 -51 1-0 3-oS '2*2 *14 ‘SS *62
»-2S 2-1 2 0 MIS •4 •42 1-25 2 -b •12 •47 •Si
IS 1-75 1-4 '093 •28 •33 1-5 . 2-2 1*6 i •4 2 •44
175 I-4S 1-08 ‘078 •22 '2 8 1-75 1-9 \-2 •09 *32 *36
2 2 5 I I -76 »o(» 6 •152 •236 2-25 i-S O'S •07 •21 •33
275 6-9 4 •049 •08 •175 2-75 1-25 6‘S ‘057 •13 •25
3-25 0-S •2 •04 •04 •143 3-25 1-1 0-3 •OS •07 S •21
3 7 5 0-7 •2 •656 •04 •129 3-75 •95 0*3 *044 *07% •IS
G 75 )-5S • o r •Ol •09 8 -0 -72 o*o4 *ol M2
U7? 0-42 ■02 •004 •07 11 -0 •65 002 •OoS •il
Vo = 21-4 4 0  C 275 V e=20-b 30 c /̂v/o)c.= •27S
t - t c . V ^/Vo f 4) t - t g V P 4)
0 0 6-IS T% '29 1-0 0-0 5-45 •26 1-0 i* 0
6-25 5  45 2-% -25 1-0 1-0 0-25 5-0 t*4 *24 *7S •87
0 5 4 * 5 2-4 -23 -8G •91 OS 4  65 \*6 *23 •S9 *84
0 75 4-25 2-4 •2 -84 •84 0-75 4-25 i-S *21 •S3 •76
10 3-75 2-0 •18 •71 •73 1-25 3-55 \'0 M l •55 •62
1-2S 3-3 1-8 -IS •64 •65 1-75 3-0 •15 •44 *55
1-5 2-95 (-4 -14 >5 •55 2-25 2-6 •g •13 ‘4  tf •47
2-0 2-3 13 •11 -4b 'SI 2-7 S 2-2 *4 Ml •22 •4
2-5 19 -% -09 •29 •4 3-75 1-8 •3 '0% •17 *29
3-0 1-65 •5 -08 •18 •33 4-75 1-5 • i *07 • 0 6 •25 1
3-5 1-45 •-4 •07 -14 •29 S-7S 1-4 - i •07 •0 t *25
4-S 1-2 -25 •o6 ■b% •25 6-7 S 1-3 •06
5 5 1-1 •1 *05 -03b -22 I
9 5 0-9 -025 *042 -009 _ : ' 5 T _ _ .
' ------
A8.5
D a t a  f o r  f i g u r e  l\.9 of A w  \ldocity on ftvL Griticat
Data eytractexA -frcwA II.%
\Jo = 25 50tM/s 1 Vc^ 25 4-0 w/S
■ - t V "VAt Vvo f 4> ) "Ç V '‘I t V v . P 4)
8 0 5 5 •22 1- 0 1-0 S-o s-s '3 4 1-0
8-5 4  3 2-4 -17 •67 -78 8 S 7*S . -30
9 0 3-5 I- b -14 •38 •64 9-0 6*4 2-3 •26 1-0 10
10-O 2-4 ‘9 -1 -25 •44 9-S 5-25 1*7 •21 '74 •32
n o 18 •6 •07 •13 -33 lo-o 4 * 4 1-3 •13 ‘5 1 •b7
1: 0 I S •3 oG •104 •27 n-o 3M •%5 •12 •37 '4^
ISO 1-25 •25 -OS -ob3 .2 3 12-0 2 2 5 •5 •09 •22 •35
iGo I I M5 -044 -03 •2 13-0 i '75 •2S •07 Ml -27
Ifc-o •95 *075 038 -01 •17 14-0 I S •15 •06 • ObS •23
ICO •X '025 -632 -145 Ik-0 \ ‘2 • I •05 '043 *M9
2 6 0 ■75 •025 -630 -i3G 18 -O \ ‘ 0 •OS 04 •035 Mb
22 0 •7 -028 -127 2o-o *S5 •C)3 •034 •013 MS
24-0 • ts -02 b •118 22-0 •g •04 •032 o n M25
2 t O •G -024 •109 30-0 • fe *01 •024 •004 •09?
Vt = 25 30 *vi/s V»= 25
. t V •'4 -f 4) -t. V Vvo P
10 0 1 9 •32 1-0 15-5 5-S 1*4 *24 1-0 VO
1 I- Cl b-15 1'8 •25 1-0 1-0 it-o SM M •2 •79 •33
U-5 5 25 hS -2.1 •83 -85 n-0 4 0 10 • 16 •71 •b?
12 0 4 - 5 1-3 •18 •72 •73 K-o 3*0 •bS -12 •4b •52
13-0 3-2 •9 •13 •5 •52 19-0 7*35 •45 09 •32 •41
14 0 2-3 •45 •09 •25 •37 20-0 i ‘9 •3 -08 '21 •33
150 1-85 •35 •08 •19 •3 21-0 1*6 •2 -062 •%4
1b O 1-5 •2 • cG •I I •24 22-0 1 4 •15 -OSG •11 '24
n-0 1-3 • 1 •052 •oG •21 22-0 1-25 •12 -OS ‘Ogb •22
1 (0 1-2 •Og •04? •0 4 •2 24-0 113 •044 •043 M95
20 0 1-05 • ôG •042 •03 •17 26-0 * 0 •OS ■04 •03b M7
22 0 •93 -D3 •037 -01G •15 2S-0 c>4 •OSG •029 Mb
24-0 -87 •03 •035 •14 3Q-0 •S2 •02 -OSS •014 MU-
40-0 •G •ol ■024 •0055 •098 32-6 •7̂ -03% J
D m  For FIGURE II.Il
A8.6
The E((ccX of Tevupe/jotofe
Data txTracted fu v n  Fl<5 U.lO
Vc = 2S-4 t o  c Vc= 23-4 50 C
V ^VAt f 4) V H t V v . P S
4 ‘0 4 9 -21 5-5 4 25 3-3 •18 10 \-o
4-5 3-4 3-0 •IS 10 1-0 t o 3-1 2-3 •13 •7 •72s-o 2-4 2-0 -1 •67 •11 6-5 2-45 1-3 -loS •39 •S2
6-0 1-4 1-0 o t •33 •48 7-0 1-9 1-1 -081 •33 •42
1-0 1-0 •4 •04 •13 •29 8-0 1-4 -5 -Ot MS •32
K-0 -8 •1 •034 •07 19 9-0 1-15 -35 -05 Ml •24
lo-o •LS •08 •027 •027 ■lb 10-0 1-0 -15 •04 •05 •2
11 0 55 -05 •023 •017 •13 ll-o •St •07 -05b •02 •lb
14-0 •S •02S -Oil •cog •II 14-0 •8 •63 -634 •01 14
lt-0 •45 ■02S -019 •cog -1 l t -0 •75 -025 •032 oog •14
26-0 •4 -013 •on •064 •09 26-0 •65 -025 -027 •oog M3
30 0 •35 -005 -015 •0017 -03 25-0 •b -Ol •62b •Ô03 M2
4o-o •32 -003 -014 •001 -07 So d •54 -0 1 •023 •003 150-0 •3o -001 -613 •6007 -O tb
Vo' 2S-4 40  c •Vp = 23-4 3oc
' t . V “Vât '^/Vo f 4) . -L V P
6-S 6-1 'ZSb 11-5 S 'b 1*4 •239 I’O I* D
7-0 5-3 2-2 •23 1-0 1-0 12-0 4-3 66 •205 •b9 •gb1-5 4-4 1-8 •19 -64 •3 12-5 4-25 1-1 •19 •g| MS
8-0 3-5 1-8 •IS •64 -64 13-0 5-b 1-3 •15 •S -63
9-0 1-3 1-2 M •43 -52 14-0 2-8 •Î •12 •31 •SO
lO-O l-S •5 •071 •IS -35 15-0 2-3 •S •10 •22 ‘42
ll-b 15 •3 •ObA- •11 •27 lt-0 1-95 •35 •eg • \ b •33ll-o 1-32 -18 'OSb o t •19t n-o 1-7 •25 •07 Ml •29i3-o M S •14 •05 -05 •17 18-0 I-S2 • u •obS •1 •27
V4-0 M ■08 •047 -029 - I t 19-0 l-3 b •lb •OSg •05 '2 4
ISO 1-05 -05 -612 26-0 I-2S •OS •OSS •05 •23
Vb-O 1-0 -o5 01% 22-0 1-13 *0? 04% •03 •215-o •9 •05 24/0 1-03 *05 •044 •02 •IS 1
30-0 •7 -013 •03 •Oil -10 4&-0 0-bS *01 028 '12 1 ... 1
A8.7
DATA FOR F\GORE 11,13 
Data ei^racted f r o m  FIC\
Rate of D r y m j  Cor^tS —  Ike E(^edof Tkickhcss 
11.12
v.Cest'*)= 3133 B>and 4- 1 Vo = 2% Baud 3
V ^Vût f 0  { "t» # V
no b 05 13 •21 1 0 I'O I 12-5 s-35 1-8 -19 I'O I'O
n-5 5-S I I •1 •gs •91 ISO 4* t 1-5 •lb •S9 M4
IJO 50 10 •n •77 gb 1 13-5 SMS l-S •14 "73 '74
1%5 4-55 •9 •n *b9 ‘77 I4'0 S2S 1-3 •11 •72 •63
19 0 4(5 •S -15 •b2 •bg 145 2% '9 -09 •5b •47
n-5 3% •7 14- •S4 •(>4 150 3'4 -7 -08b '39 -45
l6-0 3 4 5 •7 •13 •S4 •S9 lb‘0 I'Sl •54 -06b '3 •35
22 0 2-b •43 •0)5 •g3 •43 17-0 I'SS -31 -655 •172 •19
24-0 2-1 •25 -018 •19 •35 ISO 1-35 •2 •648 •II •35
2b-0 V% •15 667 •12 •3o 19 0 1-2 -15 -043 'OS ■23
2 « 0 lb I Ob •Og '27 20 0 I I -1 039 •Ob '21
Soo \'5 •OS •eb •04 M7 250 •S -Ob -01? '03 • I S
35 0 \2S ♦05" '04b •04 '21 Soo • 7 ■62 -025 •01 •13
50-0 095 • 01 •635 •ol •lb 0 •62 *ûiS • o i l 'OOS -12
\l»« 22-33 BomcI 2 Vo = n-3 Band 1
V \'/Vo f 4) V % 7Vo -P 4>
ic-s 4'3 1-8 -19 I'O I'O 7'0 2-S 2 0 •lb I'O l-O
ll-o 3"b 1-b •lb •g9 •g4 7'5 2-0 I'b •12 ‘S •15
ll-s 2-S5 l-S •07 M3 •b7 g'O 1-45 I- 1 •0S4 ' 5 5 -S3
ll-o 2-3 I t •163 •fc\ '54 S'S M •7 •064 •35 •4
12-5 ('9 '% •6S5 •44 •4S 9'D •95 •3 •655 •15 -34
i3o l-bZ •5b ‘673 '31 •3K 9'5 M3 •24 05 •12 -31
IJ-5 1'41 •4- -064- •22 •34 VO'D •74 •IS •043 •6b ■21
14-0 I 2S •34- 05b •19 WO •b3 ' I I •oSb •OSS •23
lS-0 •15 •649 'OSS •2b 120 •5-9 •04 •6S4 •02 '21
lb-0 •9b -14. •642 '077 •22 ISO '55 •04 •032 » o2 ■2
n-0 •68 -039 ‘ 0 4 4 '21 14-0 •52 •03 •03 •6\S •19
1&-0 •08 '635 ' 0 4 4 •IS \5 o • 5 •02 02) •ol •18
19-0 MS •05 ■033 • D I7 • n Ib'O •4-S •02 02s •Ol •18 I
20-0 M2 •63 -63! *Olb 'Ib3 _ I
AO.8
D A T A  FOR. FIGU R E  K.tSa .n-propancl —  The efTect of <iir Veloc'cty 
Dota exTracted from FlQ 7.2..
■tt=2'5 bOm/s B? 40  im(s 2-46
t . - t c V h(4) f ( t - i c V hW 4>
0*0 7-2 2-7 o I'O 1 *0 O'O 5 -9 2*4 O'O 1*0 1*0
0-5 5-9 2-b •19 •36 •32 0-5 5 .0 1*% •2 •75 •85
1*0 4*5 2-0 -38 •74 •63 1*0 4 - 3 U4 •4 •58 •73
l*S 4-2 1*4 •5b •52 •SS 1*5 3 -7 1*2 •b •5 *63
2-5 3-2 I'O •94 *57 •44 2-0 3-3 •g •S *33 •56
3-5 2-7 •55 1-3 •20 •37 2*5 3-0 •b 1*0 •25 •51
4-S 2-3 •55 1-7 •13 *32 3*0 2-7 •b 1*2 *25 *46
5-5 2-05 •25 2-1 *09 •23 4*0 2-35 •35 1*6 • IS •40
6-5 1-85 •2 2-4 •07 •2b 5*0 2-1 •25 2-0 •10 •3b
7*5 1-75 M 2-8 •04" •24 6*0 1*9 •2 2*4 *08 *32
9-5 1-55 « o5 3-b •02 •22 7*0 1-7 •2 2* g • 08 *29
g*0 1-b •1 3-2 • 0 4 •27
tc=4-5 3o m|s 2-5' ■U=fc-5 2om|s
-t-tc. V “V a t t - t s V 4)
0-0 b-4 2 -2 o (•0 1^0 0- 0 5-0 1*4 o 1*0 1* o
•5 5-4 2-0 47 *31 •84 ♦5 4* 4 1*1 •14 . 86 •88
1*0 4 - t l ‘ fc •3 •73 •72 1-0 3*85 1*1 •28 •7) •77
l*S 4 -0 1-2 •5 •55 •63 1-5 3-45 CM •42 *59 •69
2-0 3-55 •9 •7 •41 •55 2-5 3*%5 0* 6 *7 •43 •57.
2-5 3-22 •7 •8b •31 •5 3-5 3*45 0*4 (•0 *29 •49
3-0 2-99 • b I'O •27 "45 4-5 2*15 0*3 1*3 •21 •43
3-S 2-65 •5 \ - 2 •25 •41 5-5 1*9 0-25 (•5 • 18 *38
4*5 2 .3 •3 5 1*5 • 16 *36 b-5 (•75 0*15 1-8 •11 •35
5-S 2-05 -25 1*9 •11 •32 7-S 1*65 0*1 2*1 •07 •33
b-5 1-35 -2 2*2 •0) •29 8-5 1*55 0*1 2*4 •07 •31
7-5 1-75 •12 2*b *05 •27
2-5 1-G •13 2*9 * 0 6 •1 5
A8.9
DATA FOR FIGURE \l.lSb n-ç>ropanol The effect of air ten̂ pcrotore 
.Data extracted from FIG 7*3
• t c =2-5 60 C 3-0 50 C
t ~ t g V ^VAt f 4> V hf4) 4>
0-0 io'Z 3 6 0-0 l-o 1' 0 0-0 6 0 3* 0 0-0 1-0 1*0
•25 55 3 1 44 •87 •25 5-4 2*8 •13 •93 •9
•5 4S 2? •28 •78 •76 •5 4 85 2-2 •25 •73 *81
I'O 375 24 •6 •58 •60 1 0 3*95 1-8 •5 • 6 - 6 6
1-5 3-0 1-5 •9 •42 •48 1-5 3-25 1-4 • 8 •47 '54
2-0 2 45 14 M •31 *39 20 2-7S 1-0 I'O *33 •46
2 5 2'05 OM F 4 -22 -33 30 2-1 - 65 1* 5 •22 •35
ZS 16 •45 20 -13 •25 4*0 1*75 *35 2.0 *12 •29 i
45 13 •3 2 6 •08 •21 S-o 1*5 *2 2-5 •07 -25
55 MS •IS 3-1 •04 •18 6-0 1-3 *2 3-0 •07 •22
6-5 l-o -IS 3-7 •04 -16 7*0 12 * I 3*5 •03 -2
7-5 09 4 4-3 -03 *14 8-0 1-1 •1 4- 0 -03 •18
9-0 F03 • 07 4*5 •02 M7
3 5 40 c _= 2M5b •ic* 4-0 3o C =
t - t c . V “Vat h(4) f (b t - t f i V L
0- 0 64 2-4 1*0 I 'O O'O 7-35 2-2 0-0 1*0 10
•25 S-6 20 *77 '92 •25 6'SS 2-0 fc-08 •91 •93
•5 5 . IS I* 8 •69 •84 •5 6-35 2-0 MS -91 • 8 6
h 0 4-35 16 -62 -11 •75 5-9 1-8 -23 .82 ‘8
I'S 375 1-2 -46 -61 1-0 5-5 1-8 •3 •82 •75
2-0 3*28 -94 *36 •54 1*25 5*1 1-6 •4 •73 •69
2-5 285 -86 '33 •47 1-5 A-g 1-2 • 45 •55 •65
3-S 2-45 -4 •15 • 4o 2*0 4-25 1-0 •45 -SS
4*5 21 -35 •14 •34 3-0 3 45 •7 •9 •32 •47
5.5 IMS -25 • 1 •30 4*0 2-9 *55 1-2 *25
6-5 1-7 -15 •06 '28 so 2-S5 -45 1*5 -z -35
7-5 1-S5 -IS -06 •25 6-0 2*3 •25 1-8 •11 -31
8-5 \-4S •1 •0 4 •24 7-0 21 *2 2-1 -09 •29
8-0 V'95 *15 2-4 •07 '"11
A8.10
DATA' FOR U.l)  n-pmpand The effedt of fhidcness
Data extracted -frôm FIA» VlMg
•ic= 3-5 Band \ t c =  4-5 Band 1 ^75
t - t : V % h(4^ f 4) t - t c V P 4>
0-0 3 45 2*1 0 0 10 VO 0-0 5-5 2 0 0- 0 1 0 \o
•5 2-S V7 •3 •SS •SI •5 4-75 l-S •IS •75 • Srfc
1-5 1-9 *9 •91 •45 •55 10 4 1 5 1-2 34 •4 ■15 j'
2 5 1-4 •5 VS2 •25 • 405 2-0 3-3 -SS 13 •42 G I
3 5 M -3 2 1 •15 '32 3-0 2-7 •4 1*09 •3 •49 1
4 5 -9 *2 2-74 •1 •24 5-0 2 0 • 3 VS *15 1
5-5 •73 -12 2-35 •06 -224 100 V8 -1 3-4 -OS
..
•25 i
6-S •7 *08 4  - 0 04 -2 ISO VI •OS S-S -025 •2 1
9 5 •55 *05 5-S •025 -14 20-0 Vo *02 7-2 *01 M S  Î
14-5 '45 •025 %•% •0» 3 •13 25 0 *9 '02 9-1 •01 •16 1
n -5 -4 -01 10-7 •OS *12 3&0 -SS •01 11 0 -ooS •15 j
21-5 •35 •01 13 1 •05 -1 35 0 •s •01 12-7 •005 •IS !
25-S 155 4ùo •73 •004- 14-2 •002 •14 1
29-5 *33 • 0025 10-4 •O0Î2 •09 45 0 •75 -005 16-4 *062 -14 1
"Lc= 5 5  Band 3
t « t c V ^ V û t h(<J>) f 4) t - t c V % 4* 1
0-0 65. 1-3 0-0 1-0 I'O
•5 5*9 1-2 * 1 *92 •)1 1
VO 5-4 VO •2 •77 1
V5 5 ’D •? *3 •41 ■ 1 1 I1
2‘0 4*6 •g • 4 •62 ‘1 1 i
2-5 4 -3 •6 *5 •44 *64
3-5 3-75 -55 •7 •42 •58
4*5 3 35 *4 »9 -31 -52
5-5 3 0 5 •3 VI •2 3 •47
6 5 2-8 •25 1 3 (9 *43
3-5 2-4 -2 V7 •15 ‘37
10-5 2-lS M2 21 -09 *3
12-5 V95 *1 2-5 •OS •3 j
44-5 VI -01 3-9 •00 S 4 7  1 1
